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Preface

During the last 20 years, wavelet analysis has become a major research area
in mathematics, not only because of the beauty of the mathematical theory
of wavelet systems (sometimes also called affine systems), but also because of
its significant impact on applications, especially in signal and image process-
ing. After the extensive exploration of orthonormal bases of classical affine
systems that has occupied much of the history of wavelet theory, recently
both wavelet frames — redundant wavelet systems — and irregular wavelet
systems — wavelet systems with an arbitrary sequence of time-scale indices
— have come into focus as a main area of research. Two main reasons for
this are to serve new applications which require robustness against noise and
erasures, and to derive a deeper understanding of the theory of classical affine
systems. However, a comprehensive theory to treat irregular wavelet frames
does not exist so far. The main difficulty consists of the highly sensitive inter-
play between geometric properties of the sequence of time-scale indices and
frame properties of the associated wavelet system.

In this research monograph, we introduce the new notion of affine density
for sequences of time-scale indices to wavelet analysis as a highly effective tool
for studying irregular wavelet frames. We present many results concerning the
structure of weighted irregular wavelet systems with finitely many generators,
adding considerably to our understanding of the relation between the geome-
try of the time-scale indices of these general wavelet systems and their frame
properties.

This book is the author’s Habilitationsschrift in mathematics at the
Justus-Liebig-Universität Gießen. It is organized as follows. The introduc-
tion presents a detailed overview of the recent developments in the study of
irregular wavelet frames and of the already quite established theory of the
relation between Beurling density and the geometry of sequences of time-
frequency indices of Gabor systems. Furthermore, it explains our main results
in an informal way. Chapter 2 reviews the terminology and notations from
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frame theory as well as from wavelet and time-frequency analysis employed
in this book.

The notion of weighted affine density, which will turn out to be a most
effective tool for studying the geometry of sequences of time-scale indices as-
sociated with weighted irregular wavelet systems, will be introduced in Chap-
ter 3. We illustrate the new notion by giving several examples. We further
compare this notion of affine density with the affine density that was inde-
pendently and simultaneously introduced by Sun and Zhou [119] and point
out the advantages of our notion.

In Chapter 4, we prove that the notion of weighted affine density leads to
very elegant necessary conditions for the existence of general wavelet frames on
the sequence of time-scale indices. The usefulness of this notion is emphasized
by its utility for the study of a rather technical-appearing hypothesis known as
the local integrability condition (LIC) of a characterization result for weighted
wavelet Parseval frames by Hernández, Labate, and Weiss [77]. In fact, we
show that under a mild regularity assumption on the analyzing wavelets, the
LIC is in fact solely a density condition.

Chapter 5 is devoted to the study of a quantitative relation between frame
bounds and affine density conditions, since the complexity of frame algorithms
is strongly related to the values of the frame bounds. A striking result here is
a fundamental relationship between the affine density of the sequence of time-
scale indices, the frame bounds, and the admissibility constant of a weighted
irregular wavelet frame with finitely many generators. Several implications of
this result are outlined, among which is the revelation of a reason for the non-
existence of a Nyquist phenomenon for wavelet systems and the uniformity
of sequences of time-scale indices associated with tight wavelet frames. In
addition, we also present the first result in which the existence of particular
wavelet frames is completely characterized by density conditions. The non-
existence of very general co-affine frames is then shown to follow as a corollary.

In Chapter 6, we show that most irregular wavelet frames (and even
wavelet Schauder bases) satisfy a so-called Homogeneous Approximation Prop-
erty (HAP). This property not only implies certain invariance properties under
time-scale shifts when approximating with wavelet frames, but is also shown
to have impact on density considerations. In addition to these main results,
our techniques introduce some very useful new tools for the study of wavelet
systems, e.g., certain Wiener amalgam spaces and — related with these ob-
jects — a particular class of analyzing wavelets.

Chapter 7 is devoted to the study of shift-invariance, i.e., invariance under
integer translations, which is a desirable feature for many applications, since
this ensures that similar structures in a signal are more easily detectable. The
oversampling theorems from wavelet analysis show that most classical affine
systems can be turned into a shift-invariant wavelet system with comparable
frame properties. Most interestingly, the process also leaves density proper-
ties invariant, and the question concerning necessity of this fact for irregular
wavelet systems arises. In this chapter we study the analog of this problem in
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time-frequency analysis and give a complete answer for irregular Gabor sys-
tems. Along the way we introduce a new notion of weighted Beurling density
and derive extensions of results from H. Landau [97], and Balan, Casazza,
Heil, and Z. Landau [7]. The results obtained in this chapter are not only
interesting by itself, but can also be regarded as an important step towards
the study of similar questions in wavelet analysis.
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Introduction

1.1 Irregular Wavelet and Gabor Frames

Wavelet analysis has attracted rapidly increasing attention since Daubechies’
groundbreaking book [41] in 1992 and is nowadays one of the major research
areas in applied mathematics. The analyzing systems commonly used in
wavelet analysis are the classical affine systems. Such a system consists of the
collection of time-scale shifts of a function ψ ∈ L2(R), called the analyzing
wavelet, associated with two parameters a > 1 and b > 0 and is given by

{a− j
2 ψ(a−jx − bk)}j,k∈Z.

The origins of time-frequency analysis trace back to Gabor’s article [59]
on information theory, which appeared in 1946. This theory has also since
become an important, independent branch of applied harmonic analysis. The
function systems most often employed in this theory are the regular Gabor
systems, which comprise the collection of time-frequency shifts determined by
a function g ∈ L2(R) and two parameters a, b > 0, specifically

{e2πibnxg(x − ak)}k,n∈Z.

There exist extensions to the higher dimensional situation for both sys-
tems, but in this introduction we restrict our discussion to the one-dimensional
case for simplicity.

Both wavelet and Gabor systems play important roles in signal processing
and data compression, e.g., in developing JPEG 2000, in solving MRI prob-
lems, and for the FBI fingerprint database (see, for instance, the books by
Benedetto and Ferreira [8], Chui [25, 26], Feichtinger and Strohmer [56, 57],
and Mallat [100]). These two types of systems are also a source of many
intriguing mathematical problems and a useful tool in other areas of mathe-
matics, see, e.g., the applications of wavelets to the study of Navier-Stokes or
Euler equations (see, for instance, the books authored by Debnath [44] and
Hogan and Lakey [82]).
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Until some years ago the focus of research in wavelet analysis had been
mainly on the construction of orthonormal bases. But recently the the-
ory of frames, which generalize the notion of bases by allowing redun-
dancy yet still providing a reconstruction formula, has been growing rapidly,
since several new applications have been developed. Due to their robust-
ness not only against noise but also against losses, and due to their free-
dom in design, frames — especially tight frames — have proven themselves
an essential tool for a variety of applications such as, for example, nonlin-
ear sparse approximation, coarse quantization, data transmission with era-
sures, and wireless communications (see, for instance, Benedetto, Powell, and
Yilmaz [10], Candès and Donoho [13], Goyal, Kovačević, and Kelner [60],
and Strohmer and Heath [116]). Gabor frames have already been studied
for a longer time (cf. the books by Feichtinger and Strohmer [56, 57]), but
recently also wavelet frames have become a main area of research in the
wavelet community. (See, for example, the various papers authored by Chan,
Chui, Czaja, Daubechies, Gröchenig, Han, He, Hernández, Labate, Maggioni,
Riemenschneider, Ron, L. Shen, Z. Shen, Shi, Stöckler, Q. Sun, and Weiss
[109, 67, 34, 27, 28, 29, 77, 32, 42, 19, 30, 31, 111].)

However, most results concerning wavelet and Gabor frames are restricted
to the special cases of classical affine systems and regular Gabor systems.
Recently, general irregular wavelet and Gabor systems, which can be built by
using arbitrary time-scale or time-frequency shifts, have attracted increas-
ing attention (see, for instance, the papers by Aldroubi, Balan, Cabrelli,
Casazza, Christensen, Deng, Favier, Feichtinger, Felipe, Heil, Kaiblinger,
Kutyniok, Lammers, Z. Landau, Molter, Ramanathan, Steger, W. Sun, and
Zhou [107, 22, 23, 18, 118, 15, 73, 92, 119, 120, 1, 55, 121, 7, 93, 94, 95, 117]).
An irregular wavelet system is determined by an analyzing wavelet ψ ∈ L2(R)
and a sequence of time-scale indices Λ ⊆ R

+ × R, regarded as a sequence in
the affine group A, and is defined by

W(ψ,Λ) = {a− 1
2 ψ(a−1x − b)}(a,b)∈Λ.

Given a function g ∈ L2(R) and a sequence of time-frequency indices Λ ⊆ R
2,

an irregular Gabor system is given by

G(g, Λ) = {e2πibxg(x − a)}(a,b)∈Λ.

The necessity of studying these general systems occurs since in practice a
sequence of time-scale or time-frequency indices might be perturbed due to
the impact of noise or other disturbances or may be directly imposed by the
application at hand. Therefore results about the impact of properties of the
sequence of time-scale or time-frequency indices on frame properties of the
associated wavelet or Gabor system will turn out to be essentiell. Moreover,
the study of irregular systems is very interesting from the mathematical point
of view in deriving a deeper understanding of the theory of wavelet systems or
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Gabor systems and, in particular, of the special case of classical affine systems
or regular Gabor systems.

Later, it will become necessary to additionally equip the analyzing func-
tions contained in the system with weights and also to consider systems with
finitely many generators.

1.2 Density for Gabor Systems

Since time-scale and time-frequency indices associated with irregular wavelet
and Gabor systems are initially completely arbitrary, we are led naturally to
questions concerning the relation between their geometrical structure and the
frame properties of the associated system. In order to put our results into
perspective, let us review the density results that exist for the case of Gabor
frames and the Heisenberg group.

Classical results are mostly concerned with regular Gabor systems, i.e.,
with rectangular lattices of the form Λ = aZ× bZ, where a, b > 0. Baggett [4]
and Daubechies [40] proved that if G(g, aZ×bZ) is a complete subset of L2(R)
then necessarily ab ≤ 1. Since every frame is complete (but not conversely), it
follows as a corollary that if ab > 1, then G(g, aZ × bZ) cannot form a frame.
Baggett’s proof uses deep results from the theory of von Neumann algebras,
while Daubechies provided a constructive proof of this result by using signal-
theoretic methods (the Zak transform). However, her result is restricted to the
case that ab is rational. Daubechies also noted that a proof for general ab can
be inferred from results of Rieffel [108] on C∗-algebras. Another proof of this
result based on von Neumann algebras was given by Daubechies, H. Landau,
and Z. Landau in [43], and a new proof appears in Bownik and Rzeszotnik [12].

H. Landau [98] extended the result on Gabor frames to much more general
sequences Λ in R

2, deriving a necessary condition for G(g, Λ) to be a frame in
terms of the Beurling density of Λ, but requiring some restrictions on g and Λ.
For the rectangular lattice case, Janssen [86] gave an elegant direct proof that
if G(g, aZ×bZ) is a frame then ab ≤ 1. This proof relies on the algebraic struc-
ture of the rectangular lattice aZ×bZ and the Wexler–Raz Theorem for Gabor
frames. Perhaps the most elegant development along these lines was due to
Ramanathan and Steger [107]. They proved that all Gabor frames G(g, Λ),
without restrictions on g ∈ L2(R), but only for separated sequences Λ ⊆ R

2,
satisfy a certain Homogeneous Approximation Property (HAP). This is a fun-
damental result that is of independent interest, and in particular they de-
duced necessary density conditions on the sequence of time-frequency indices
of irregular Gabor frames as a corollary. Ramanathan and Steger were also
able to recover the completeness result of Rieffel by using this technique as
a main tool. However, the proof by Ramanathan and Steger required Λ to
be uniformly separated. Christensen, Deng, and Heil removed this hypothesis
in [22]. Also, [22] extended the result to higher dimensions and to finitely
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many generators, and made several other contributions. Christensen, Deng,
and Heil derived the following general result on the density of Gabor systems
which we state for simplicity only in the one-dimensional, singly generated
case.

Theorem 1.1. Let g ∈ L2(R) and Λ ⊆ R
2 be given. Then the Gabor system

G(g, Λ) has the following properties.

(i) If G(g, Λ) is a frame for L2(R), then 1 ≤ D−(Λ) ≤ D+(Λ) < ∞.
(ii) If G(g, Λ) is a Riesz basis for L2(R), then D−(Λ) = D+(Λ) = 1.

Here D±(Λ) are the upper and lower Beurling densities of Λ, which mea-
sure in some sense the largest and smallest number of points of Λ that lie
on average in unit squares. The group structure employed for this notion
of density is the one coming from the Heisenberg group modulo its cen-
ter. The cutoff density 1 is called the Nyquist density. In the special case
Λ = aZ × bZ, we have D±(aZ × bZ) = 1

ab . Gröchenig and Razafinjatovo
adapted the Ramanathan/Steger argument to prove an analogous result for
windowed exponentials in [66].

Ramanathan and Steger conjectured in [107] that Theorem 1.1(i) should
be improvable to say that if D−(Λ) < 1 then G(g, Λ) is incomplete in L2(R).
However, Benedetto, Heil, and Walnut [9] showed that the Rieffel result does
not extend to non-lattices: there exist complete (but non-frame) Gabor sys-
tems with upper Beurling density ε. The counterexample built fundamentally
on the work of H. Landau on the completeness of exponentials in L2(S) where
S is a finite union of intervals. Another counterexample, in which Λ is a sub-
set of a lattice, appears in Y. Wang [123]. Moreover, Olevskii and Ulanovskii
[103, 104] constructed a system consisting solely of translates which is com-
plete in L2(R), but even the upper density of the set of indices regarded as a
subset of R

2 equals zero.
Recently, Balan, Casazza, Heil, and Z. Landau showed that such neces-

sary density conditions, including the Nyquist density cutoff, apply to a much
broader class of abstract frames called localized frames [6]. Localized frames
were also independently introduced by Gröchenig [64] for quite different pur-
poses.

Finally,we remark that density theorems forGabor framesG(g, Λ) generated
by Gaussian functions g are related to density questions in the Bargmann–Fock
spaces, see, e.g., Seip [112]. We further mention that the notion of Beurling
density was also employed by Heil and Kutyniok [74] to derive conditions on
the existence of frames and Schauder bases of windowed exponentials, and an
adapted notion of density and a new notion of dimension were the main tools
to study wave packet frames and also Gabor pseudoframes for affine subspaces
in the papers by Czaja, Kutyniok, and Speegle [36, 37].

For more details and extended references we refer to the recent survey
paper on the history of the density theorem for Gabor systems by Heil [72].
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1.3 Geometry of Time-Scale Indices

It is natural to ask whether wavelet systems share similar properties, and the
immediate answer is that there is clearly no exact analogue of the Nyquist
density for wavelet systems. In particular, consider the case of the classical
affine systems W(ψ,Λ) with dilation parameter a > 1 and translation para-
meter b > 0, i.e.,

Λ = {(aj , bk)}j,k∈Z.

It can be shown that for each a > 1 and b > 0 there exists a wavelet ψ ∈ L2(R)
such that W(ψ,Λ) is a frame or even an orthonormal basis for L2(R). In fact,
the wavelet set construction of Dai, Larson, and Speegle [39] shows that this
is true even in higher dimensions: wavelet orthonormal bases in the classical
affine form exist for any expansive dilation matrix. For additional demon-
strations of the impossibility of a Nyquist density, even given constraints on
the norm or on the admissibility condition of the wavelet, see the example of
Daubechies in [40, Thm. 2.10] and the more extensive analysis by Balan in [5].

However, the more general question remains: for what sequences Λ1, . . . , ΛL

⊆ A and what weights w� : Λ� → R
+ for � = 1, . . . , L is it possible to construct

wavelet frames of the form

L⋃

�=1

W(ψ�, Λ�, w�) =
L⋃

�=1

{w�(a, b)
1
2 a− 1

2 ψ�(a−1x − b)}(a,b)∈Λ�

with finitely many generators ψ1, . . . , ψL ∈ L2(R)? Two important examples
of wavelet systems other than classical affine systems are the quasi-affine and
co-affine systems.

Quasi-affine systems, introduced by Ron and Shen [109], are obtained by
replacing the sequence Λ associated with a classical affine system by the new
sequence

Λ = {(aj , bk)}j<0,k∈Z ∪ {(aj , a−jbk)}j≥0,k∈Z,

and using the weight function

w(aj , bk) = 1, j < 0, k ∈ Z,

w(aj , a−jbk) = a−j , j ≥ 0, k ∈ Z.

In other words, “extra” elements are added to an affine system, and addition-
ally the norms of the extra elements are adjusted. Ron and Shen proved that
if a is an integer and b = 1 then an affine system is a frame if and only if the
quasi-affine system is a frame. The utility of the quasi-affine system is that it is
shift-invariant, i.e., integer translation-invariant, unlike the original classical
affine system. Shift-invariance, i.e., invariance under integer translations, is a
desirable feature for many applications, since it ensures that similar structures
in a signal are more easily detectable. Quasi-affine systems were also studied
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in the papers by Bownik [11], Chui, Shi, and Stöckler [35], Gressman, Labate,
Weiss, and Wilson [61], and Johnson [88].

Co-affine systems were studied recently by Gressman, Labate, Weiss, and
Wilson [61]. If we write an affine system as {Daj Tkψ}j,k∈Z, where Daj and
Tk are the appropriate dilation and translation operators, then the associated
co-affine system is {TkDaj ψ}j,k∈Z. This amounts, in the terminology of this
book, to taking

Λ = {(aj , a−jk)}j,k∈Z,

and w = 1. It was shown in [61] that such a system W(ψ,Λ,w) can never
form a frame for L2(R), and, moreover, this impossibility remains even when
allowing weights of the form w(aj , a−jk) = w(aj). An extension of this result
to higher dimensions was derived by Johnson [90].

Considering the Gabor situation we come to the conclusion that a notion
of density for wavelet systems, despite the lack of a Nyquist density, should
be exactly the right method to explain, for instance, the difference between
affine/quasi-affine and co-affine systems, but even more to relate frame
properties of a wavelet system with properties of the associated sequence of
time-scale indices. It was already conjectured by Daubechies in [41, Sec. 4.1],
that the value 1

b ln a might play the role of a density for classical affine sys-
tems, since it is an ubiquitous constant in a variety of formulas in wavelet
analysis. For example, if W(ψ, {(aj , bk)}j,k∈Z) is a tight frame for L2(R) and∫∞
0

|ψ̂(ξ)|2/|ξ|dξ = 1, then the frame bounds are exactly 1
b ln a . In [113], Seip

introduced a notion of density for Bergman-type spaces on the unit disk,
and it is possible to derive some density results for wavelet frames W(ψ,Λ)
generated by certain wavelets ψ from those results. Some preliminary results
relating density to wavelet frames also appeared in a paper by Olson and Seip
[105], but until now there has been no general theory of density properties
of wavelet frames; there did not even exist a notion of density for general
irregular wavelet systems.

To build such a theory is a fascinating challenge, since the situation for
wavelet systems is much more delicate than the one for Gabor systems due
to the non-commutativity of the affine group. Results in this direction should
lead to a much deeper understanding of the geometrical structure of the time-
scale indices associated with a wavelet frame, thereby also delivering tools to
construct irregular wavelet frames and to examine their stability.

Summarizing, this research monograph has the following aims.

� Derive a notion of weighted affine density for weighted sequences of time-
scale indices of weighted irregular wavelet frames with finitely many gener-
ators in such a way that classical affine systems possess a uniform density
equal to the ubiquitous constant 1

b ln a .
� Study whether the non-existence of co-affine frames is related to density

properties.
� Derive necessary and sufficient density conditions for the existence of

weighted irregular wavelet frames with finitely many generators.
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� Relate the density of the weighted sequences of time-scale indices to the
frame bounds of weighted irregular wavelet frames with finitely many
generators.

� Reveal reasons why a Nyquist phenomenon does not exist for wavelet
systems.

� Study the HAP for wavelet systems and its relation (or lack thereof) to
density conditions.

� Study the affine density of a classical affine system and the weighted affine
density of its associated quasi-affine system and examine whether their
relation is enforced by the property that one system is a frame if and only
if the other system is a frame.

1.4 Overview of Main Results

In the following we outline the organization of this book and present some of
the highlights in an informal way.

In Chapter 2 we present some background and notation from frame theory
and wavelet and time-frequency analysis which will be employed throughout.
We further give a brief overview of Wiener amalgam spaces in the general set-
ting of locally compact groups, since we will consider different group settings
in this book. These spaces will serve as regularity conditions for analyzing
wavelets as well as for Gabor generators.

We proceed in Chapter 3 to introduce the new notion of upper and lower
weighted affine density for weighted irregular wavelet systems with finitely
many generators and to study several of its properties. We show that it satisfies
the property that classical affine systems possess a uniform affine density,
i.e., upper and lower density coincide, and this density is exactly equal to
the magical constant 1

b ln a . Moreover, we compare this density with another
notion of density for wavelet systems simultaneously introduced by Sun and
Zhou [119]. We show that for their density a weighted form has to be used
to derive the same uniform density for the classical wavelet systems, thereby
emphasizing our notion as more naturally in this sense.

In Chapter 4, we derive necessary conditions on the upper and lower
weighted affine density for the existence of a weighted irregular wavelet frame
with finitely many generators. These results only rely on conditions concern-
ing finite upper and positive lower density, in this sense on qualitative density
conditions. More precisely, we prove that if such a wavelet system possesses
an upper frame bound, then necessarily the upper density has to be finite
(Theorem 4.1). This result confirms the intuitive view of the density as the
amount to which the time-scale indices are concentrated. We further show that
provided that the wavelet system possesses a lower frame bound, then, under
some hypotheses on the time-scale indices and with weights being equal to
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one, the lower density must be positive (Theorem 4.2). Another result in the
same spirit only under a mild regularity hypothesis on the analyzing wavelets
will be derived in Chapter 6 (Corollary 6.12). For our proofs we rely on tech-
niques from frame theory, Fourier analysis, and complex analysis. We apply
these results to oversampled affine systems, co-affine systems, and systems
consisting only of dilations, obtaining some new results relating density to the
frame properties of these systems.

Using the methods developed in the first part of this chapter we then study
a certain rather technical-appearing hypothesis known as the local integrabil-
ity condition (LIC) of a characterization result of weighted wavelet Parseval
frames with finitely many generators and with arbitrary sequences of scale
indices by Hernández, Labate, and Weiss [77], and show that under some
mild regularity assumption on the analyzing wavelets, the LIC is solely a very
natural density condition on the sequences of scale indices. More precisely,
it will be shown that the LIC is in fact equivalent to the condition that the
weighted sequences of scale indices possess a finite upper weighted density
(Theorem 4.22). Using this new interpretation of the LIC, we further discuss
when the characterization result holds.

Chapter 5 is devoted to the study of quantitative density conditions in
which the precise value of the density plays a role. The systems under conside-
ration are weighted wavelet systems with finitely many generators and with
arbitrary weighted sequences of time and scale indices satisfying some mild
condition on the weighted sequences of time indices. A striking result here
is a fundamental relationship between the affine weighted density, the frame
bounds, and the admissibility constants for the analyzing wavelets (Theo-
rem 5.6).

Several applications of this result are discussed. We show that such an
irregular wavelet frame can only be tight if its weighted sequence of time-
scale indices has a uniform weighted affine density (Corollary 5.9). This result
provides new insight into tight irregular wavelet frames, since the classical
affine systems, no matter whether they are tight or not, always possess a
uniform density. In particular, we show that the sequence of time-scale indices
of an orthonormal wavelet basis of the considered form has a uniform affine
density. However, we show that this density does not rely on the norm of the
generator as in the Gabor case, but instead on the admissibility constant,
thereby revealing one reason why there does not exist a Nyquist phenomenon
for wavelet systems (Section 5.4). We further derive the first result in which the
existence of particular wavelet frames is completely characterized by density
conditions (Theorem 5.11). This result is especially surprising since density
conditions are independent of the analyzing wavelet itself and do not capture
local features of the time-scale indices; hence they appear almost too weak to
serve as a sufficient condition. Finally, we use the fundamental relationship
to prove that certain weighted irregular co-affine systems can never form a
frame (Theorem 5.18).
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In Chapter 6 we derive several results related to the Homogeneous
Approximation Property (HAP) for irregular wavelet systems with finitely
many generators. The (Weak and Strong) HAP for Gabor systems states that
approximating with a particular finite set of Gabor elements is invariant under
time-frequency shifts. Moreover, it is a key property which leads to necessary
conditions for Gabor frames in terms of the Beurling density of the associated
sequence of time-frequency indices of the generator. We will show that, with a
mild regularity assumption on the analyzing wavelets, irregular wavelet frames
with finitely many generators satisfy an analog of the Strong HAP with respect
to the affine group (Theorem 6.10). We further prove that irregular wavelet
frames with finitely many generators satisfying the Weak HAP must fulfill
certain density conditions with respect to other wavelet Riesz bases (Theo-
rem 6.11). As an application we obtain necessary conditions for the existence
of such frames in terms of the affine density (Corollary 6.12), which should be
compared to those derived in Chapter 4.

In the second part of Chapter 6 we consider irregular wavelet Schauder
bases with finitely many generators, and in fact this is the first time that those
systems are systematically studied. We obtain results in the same spirit as in
the first part of this chapter on the density of these Schauder bases, where
the Strong HAP has to be replaced by the Weak HAP (Theorems 6.15 and
6.16, and Corollary 6.17).

In addition to these main results, our techniques introduce some new tools
for the study of wavelet systems. In particular, we show that any generator
of a wavelet frame which satisfies our regularity assumption has a continuous
wavelet transform that lies in a particular Wiener amalgam space (Theorem
6.4). We further show that the class of analyzing wavelets which satisfy this
regularity condition is in particular dense in the set of admissible wavelets.

In Chapter 7 we deviate a little from our main line of investigation and
devote this chapter to Gabor systems. We introduce and study a new notion of
weighted Beurling density for multiple weighted sequences of time-frequency
indices suited to the study of weighted irregular Gabor systems with finitely
many generators. We further prove that using arbitrary piecewise continuous,
positive functions of a particular amalgam space instead of just characteristic
functions of different boxes to measure the density of a weighted sequence leads
to exactly the same notion of Beurling density. We think this result (Theorem
7.15) is interesting in its own right, since it, in particular, implies that for
functions contained in the modulation space M1 the associated short-time
Fourier transform can serve as a measuring function for (weighted) Beurling
density.

Then we establish a useful relationship between this density, the frame
bounds, and the norms of the generators for the Gabor frames under conside-
ration (Theorem 7.19).

Shift-invariance, i.e., invariance under integer translations, is a desirable
feature for many applications, since this ensures that similar structures in
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a signal are more easily detectable. Regular Gabor systems have the great
advantage over wavelet systems in that they are almost always automatically
shift-invariant. However, most irregular Gabor systems lack this desirable
property. We discuss the terminology of shift-invariance for these systems
and introduce a machinery to associate a shift-invariant Gabor system to an
irregular Gabor system. We further show that, provided frame properties are
to remain unchanged, the shift-invariant counterpart has to be equipped with
weights and that density conditions must be imposed on the sequences of
time-frequency indices of both systems (Theorem 7.28).

We complete this section by conjecturing that for wavelet systems results
similar to the ones obtained in Chapter 7 on the density properties of Gabor
systems and its shift-invariant counterparts also hold, most likely in some
weaker form. Therefore one future project will be to study these questions
in the wavelet setting. We also mention that in this book we consider the
univariate situation for wavelet systems, where we derive a complete theory.
In the Gabor case the treatment of the multivariate case does not differ much
from the one of the univariate case. However, in wavelet analysis the situation
is completely different. Recent studies by Speegle [115] show that even for
some multivariate classical affine systems it is not clear whether there exists an
analyzing wavelet so that the resulting wavelet system forms an orthonormal
basis. To derive an appropriate notion of density for multivariate wavelet
systems will become one further topic for future research.



2

Wavelet and Gabor Frames

In this section we give a brief survey of the main notations, definitions, and
results from frame theory, wavelet analysis, and time-frequency analysis which
will be used throughout the book. We conclude this chapter with a section on
amalgam spaces in the setting of locally compact groups, since in the sequel
amalgam spaces will be employed in different group settings.

2.1 Frame Theory

In this section we briefly recall the definition and basic properties of frames
and Schauder bases in Hilbert spaces. For more information on frame theory
we refer to the various books and papers authored by Casazza [14], Christensen
[20, 21], Daubechies [41], Heil and Walnut [76], and Young [128], and concern-
ing Schauder bases theory we refer to Heil [70], Lindenstrauss and Tzafriri [99],
Marti [101], Singer [114], and Young [128].

Let H be a separable Hilbert space, and let I be an indexing set. A sequence
{fi}i∈I ⊆ H is a frame for H if there exist constants 0 < A ≤ B < ∞ such
that

A ‖f‖2 ≤
∑

i∈I

|〈f, fi〉|2 ≤ B ‖f‖2 for all f ∈ H. (2.1)

The constants A and B are called lower and upper frame bounds, respectively.
If A and B can be chosen such that A = B, then {fi}i∈I is a tight frame. If
we can take A = B = 1, it is called a Parseval frame.

Let {fi}i∈I be a frame for H. Then the frame operator

Sf =
∑

i∈I

〈f, fi〉 fi

is a bounded, positive, and invertible mapping of H onto itself, which satisfies

A Id ≤ S ≤ B Id,
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where Id denotes the identity operator. The canonical dual frame is {f̃i}i∈I ,
where f̃i = S−1fi. For each f ∈ H we have the frame expansions

f =
∑

i∈I

〈f, fi〉 f̃i =
∑

i∈I

〈f, f̃i〉fi.

In the special case that {fi}i∈I forms a Parseval frame, the frame operator S
is the identity, the dual frame coincides with the frame itself, and the frame
expansions reduce to f =

∑
i∈I 〈f, fi〉 fi.

A sequence which satisfies the upper frame bound estimate in (2.1), but
not necessarily the lower estimate, is called a Bessel sequence and B is a Bessel
bound. In this case,

∥∥∥
∑

i∈I

cifi

∥∥∥
2

≤ B
∑

i∈I

|ci|2 for any (ci)i∈I ∈ �2(I). (2.2)

In particular, ‖fi‖2 ≤ B for every i ∈ I.

A sequence {fi}i∈N is a Schauder basis for H if for each f ∈ H there exist
unique scalars ci(f), i ∈ N, such that

f =
∞∑

i=1

ci(f)fi. (2.3)

Then there exists a unique biorthogonal system {f̃i}i∈N in H, which is also a
Schauder basis, called the dual basis, and which satisfies

f =
∞∑

i=1

〈f, fi〉 f̃i =
∞∑

i=1

〈f, f̃i〉 fi for all f ∈ H.

The associated partial sum operators are SN (f) =
∑N

i=1 〈f, f̃i〉 fi for f ∈ H.
The basis constant is the finite number C = supN ‖SN‖. If for each f ∈ H the
series f =

∑
i ci(f) fi converges with respect to any ordering of the indices,

then {fi}i∈N is called an unconditional basis. Consequently, for a Schauder
basis the ordering in (2.3) can be crucial. If 0 < infi ‖fi‖ ≤ supi ‖fi‖ < ∞ then
{fi}i∈N is a bounded basis. A sequence {fi}i∈N which is a Schauder basis for
its closed linear span within H, denoted by spani∈N

{fi}, is called a Schauder
basic sequence.

We conclude this section with the following well-known result concerning
the relationship between Schauder bases, Riesz bases, and frames (compare
Casazza [14] or Christensen [21]).

Proposition 2.1. The following three statements are equivalent:

(i) {fi}i∈N is a Schauder basis and a frame for H,
(ii) {fi}i∈N is a Riesz basis for H,
(iii) {fi}i∈N is a bounded unconditional basis for H.
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2.2 Wavelet Analysis

In this section we will focus on the basic definitions, notations, and results
in wavelet analysis which will be used in the sequel. For more information
on wavelet theory we refer the reader to the books by Chui [24], Daubechies
[41], and Hernández and Weiss [79], and the papers authored by Heil and
Walnut [76] and Weiss and Wilson [124]. Most of the following definitions can
be generalized to higher dimensions, but since in this book we focus on the
one-dimensional situation, we just state the one-dimensional definitions. Let
A = R

+ × R denote the affine group, endowed with the multiplication

(a, b) · (x, y) =
(
ax, b

x + y
)
.

The identity element of A is e = (1, 0), and inverses are given by

(a, b)−1 =
(

1
a ,−ab

)
.

The left-invariant Haar measure on A is µA = dx
x dy. We denote the norm and

inner product on L2(A) with respect to this Haar measure by ‖·‖L2(A) and
〈·, ·〉L2(A), respectively, whereas the norm and inner product on L2(R) will be
denoted by ‖·‖ or ‖·‖2 and 〈·, ·〉.

Let σ be the unitary representation of A on L2(R) defined by

(σ(a, b)ψ)(x) = 1√
a
ψ(x

a − b) = DaTbψ(x),

where Da denotes the dilation operator Daf(x) = 1√
a
f(x

a ) and Tb denotes the
translation operator Tbf(x) = f(x − b).

For f ∈ L1(Rd), we will use the following convention for the Fourier trans-
form:

f̂(ξ) =
∫ ∞

−∞
f(x)e−2πi〈x,ξ〉 dx.

Its extension to a unitary mapping from L2(Rd) to L2(Rd) will also be denoted
by f̂ . The inverse Fourier transform shall be denoted by f∨.

Given ψ ∈ L2(R), called an analyzing wavelet, the continuous wavelet
transform (CWT) Wψf of f ∈ L2(R) with respect to ψ is

Wψf(a, b) =
〈
f, σ(a, b)ψ

〉
=
〈
f, DaTbψ

〉
= 1√

a

∫ ∞

−∞
f(x)ψ(x

a − b) dx.

We have
|Wψf(a, b)| ≤ ‖f‖2 ‖ψ‖2 for all (a, b) ∈ A

and Wψf ∈ C(A). However, Wψ does not map L2(R) into L2(A) for each
ψ ∈ L2(R). We say that ψ ∈ L2(R) is admissible if the admissibility constant
Cψ defined by
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Cψ =
∫ ∞

−∞

|ψ̂(ξ)|2
|ξ| dξ

is finite. This condition is also sometimes called the admissibility condition.
In particular, this is equivalent to the condition that both integrals

C−
ψ =

∫ 0

−∞

|ψ̂(ξ)|2
|ξ| dξ and C+

ψ =
∫ ∞

0

|ψ̂(ξ)|2
|ξ| dξ

are finite. We further set

L2
A(R) = {ψ ∈ L2(R) : ψ is admissible}.

Note that if ψ ∈ L1(R) ∩ L2
A(R), then we must have ψ̂(0) = 0, since ψ̂ is

continuous. If ψ is admissible, then Wψ maps L2(R) into L2(A), cf. Heil and
Walnut [76, Cor. 3.3.6]. Precisely, we have that if ψ ∈ L2

A(R) and f ∈ L2(R),
then

‖Wψf‖2
L2(A) = C+

ψ

∫ ∞

0

|f̂(ξ)|2 dξ + C−
ψ

∫ 0

−∞
|f̂(ξ)|2 dξ ≤ Cψ ‖f‖2

2 .

Furthermore, the roles of f and ψ can be interchanged by using the relation
Wfψ(a, b) = Wψf((a, b)−1). We remark that this lack of symmetry is due to
the fact that the Haar measure on A is not unimodular.

The next lemma lists several useful equivalent forms of the CWT:

Lemma 2.2. If f, ψ ∈ L2(R), then

Wψf(a, b) = 1√
a

∫ ∞

−∞
f(x)ψ(x−ab

a ) dx

=
√

a

∫ ∞

−∞
f̂(ξ) ψ̂(aξ) e2πiabξ dξ

= (f̂ · Da−1 ψ̂)∨(ab).

The Besov spaces Bα
p,q(R), where α > 0 and 1 ≤ p, q ≤ ∞, are the natu-

ral function spaces associated with the CWT, namely, their norms quantify
time-scale concentration of functions or distributions. They consist of func-
tions in Lp(R) with “smoothness α,” with the parameter q allowing for a finer
graduation of the quantification of smoothness. There are many equivalent
definitions of the Besov spaces, and we refer to Triebel [122] for more infor-
mation. An important fact is that equivalent norms for the Besov spaces can
be formulated in terms of the discrete wavelet transform (see Meyer [102]) or
the continuous wavelet transform (see Perrier and Basdevant [106]).

For practical purposes, however, discrete wavelet systems are needed,
i.e., wavelet systems {σ(a, b)ψ}(a,b)∈Λ, where Λ does not equal A, but instead
is just a sequence in A. We remark that although Λ will always denote a
countable sequence of points in A and not merely a subset, for simplicity
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we will write Λ ⊆ A. In particular, this means that we allow repetitions of
points. Further recall that the disjoint union S =

⋃n
i=1 Si of a finite col-

lection of sequences S1, . . . , Sn contained in some set is the sequence S =
{s11, . . . , s1n, s21, . . . , s2n, . . . }, where each Si is indexed as Si = {ski}k∈N,
i.e., S is the sequence obtained by amalgamating S1, . . . , Sn.

Definition 2.3. (a) Given an analyzing wavelet ψ ∈ L2(R), a sequence of
time-scale indices Λ ⊆ A, and a weight function w : Λ → R

+, the weighted
(irregular) wavelet system generated by ψ, Λ, and w is defined by

W(ψ,Λ,w) = {w(a, b)
1
2 σ(a, b)ψ}(a,b)∈Λ

= {w(a, b)
1
2 DaTbψ}(a,b)∈Λ

= {w(a, b)
1
2 1√

a
ψ(x

a − b)}(a,b)∈Λ.

If w = 1 we omit writing it.

(b) Let ψ1, . . . , ψL ∈ L2(R), and let Λ1, . . . , ΛL ⊆ A with associated weight
functions w� : Λ� → R

+ for � = 1, . . . , L be given. Then the weighted (irregu-
lar) wavelet system generated by {(ψ�, Λ�, w�)}L

�=1 is the disjoint union

L⋃

�=1

W(ψ�, Λ�, w�).

This definition of weighted wavelet systems includes as special cases the
classical affine systems, the quasi-affine systems, and the co-affine systems
(defined below). In particular, it is important to allow the case of nonconstant
weights in order to obtain the quasi-affine systems.

The most often employed and studied wavelet systems are the classical
affine systems

W(ψ, {(aj , bk)}j,k∈Z),

where ψ ∈ L2(R) and a > 1, b > 0. Since these systems lack the property
of being shift-invariant, i.e., of being invariant under integer translations, the
so-called quasi-affine systems

W(ψ, {(aj , bk)}j<0,k∈Z ∪ {(aj , a−jbk)}j≥0,k∈Z, w),

where

w(aj , bk) = 1, j < 0, k ∈ Z,

w(aj , a−jbk) = a−j , j ≥ 0, k ∈ Z,

were developed for a ∈ Z, b > 0 by Ron and Shen [109] and for a ∈ Q by
Bownik [11]. Further contributions werde made by Chui, Shi, and Stöckler
[35], Gressman, Labate, Weiss, and Wilson [61], and Johnson [88]. In [61]
Gressman, Labate, Weiss, and Wilson also studied classical affine systems for
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b = 1 with interchanged ordering of dilation and translation, i.e., wavelet
systems of the form

{TkDaj ψ}j,k∈Z = {Daj Ta−jkψ}j,k∈Z,

where a > 1. This amounts, in the terminology of this book and letting b > 0
be arbitrary, to taking

W(ψ, {(aj , a−jbk)}j,k∈Z).

These are the so-called co-affine systems. We also refer to Johnson [90].
Recently a general notion of oversampled affine systems was introduced

by Hernández, Labate, Weiss, and Wilson [78] and extended by Johnson
[89], which includes not only the classical affine, but also the quasi-affine
and co-affine systems as special cases.

Definition 2.4. Given ψ ∈ L2(R), a > 1, b > 0, and {rj}j∈Z ⊆ R
+, an

oversampled affine system is a weighted wavelet system of the form W(ψ,Λ,w)
with

Λ =
{
(aj , bk

rj
)
}

j,k∈Z
and w(aj , bk

rj
) = 1

rj
.

Example 2.5. The following are special cases of oversampled affine systems.

(i) The classical affine systems are obtained by setting rj ≡ 1.
(ii) The quasi-affine systems of Ron and Shen [109] are obtained when a is an

integer, b = 1, and

rj =

{
1, j < 0,

aj , j ≥ 0.

(iii) The quasi-affine systems of Bownik [11] are obtained when a = p
q is ratio-

nal, b = 1, and

rj =

{
q−j , j < 0,

pj , j ≥ 0.

(iv) The co-affine systems of Gressman, Labate, Weiss, and Wilson [61] are
obtained by setting rj = aj and b = 1.

2.3 Time-Frequency Analysis

As in the section before, we will state the basic definitions, notations, and
results from time-frequency analysis as far as we will need them later. We
mention the books by Daubechies [41], Feichtinger and Strohmer [56, 57], and
Gröchenig [63] as references for further details.
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In time-frequency analysis, time-frequency shifts play the role that time-
scale shifts play in the wavelet setting. The time-frequency plane is actually
the Heisenberg group H = R

d × R
d × T endowed with the multiplication

(a, b, c)(a′, b′, c′) = (a + a′, b + b′, cc′e−2πi〈a,b′〉).

The toral component will later be ignored. This group is equipped with the
so-called Schrödinger representation, which is the irreducible unitary repre-
sentation of H on L2(Rd) defined by

(ρ(a, b, c)g)(x) = c e2πi〈b,x〉g(x − a) = cMbTag(x),

where Mb denotes the modulation operator Mbf(x) = e2πi〈b,x〉f(x).
The analogue of the continuous wavelet transform is the Short-Time

Fourier transform (STFT) of f ∈ L2(Rd) with respect to g ∈ L2(Rd) given by

Vgf(a, b) = 〈f, ρ(a, b, 1)g〉 = 〈f,MbTag〉 =
∫ ∞

−∞
f(x) e−2πi〈b,x〉g(x − a) dx

for (a, b) ∈ R
d × R

d = R
2d. We have

|Vgf(a, b)| ≤ ‖f‖2 ‖g‖2 for all (a, b) ∈ R
2d

and Vgf ∈ C(R2d). Unlike the wavelet case, all vectors in L2(R) are admissible,
because the Haar measure on the Heisenberg group is unimodular. The STFT
Vg maps L2(Rd) into L2(R2d) for all g ∈ L2(Rd). Given g1, g2 ∈ L2(Rd) and
f1, f2 ∈ L2(Rd), the orthogonality relations for the STFT are

〈
Vg1f1, Vg2f2

〉
= Cg1,g2 〈f1, f2〉 , (2.4)

where Cg1,g2 =
∫∞
−∞ g1(x) g2(x) dx. There is a great deal of symmetry between

g and f in the STFT; more precisely, Vfg(a, b) = e−2πi〈a,b〉Vgf(−a,−b), hence,
in particular, ‖Vgf‖2 = ‖Vfg‖2.

The modulation spaces are the natural function spaces associated with the
STFT, namely, their norms quantify time-frequency concentration of functions
or distributions in the same way that the Besov space norms quantify time-
scale concentration. In particular, the modulation space M1(Rd) consists of
all functions f ∈ L1(Rd) for which the following norm is finite:

‖f‖M1(Rd) = ‖Vgf‖L1(R2d) =
∫

Rd

∫

Rd

|Vgf(a, b)| db da,

where g is any nonzero Schwartz-class function (each choice of g yields the
same space under an equivalent norm). This modulation space was first defined
by Feichtinger in [47] and is therefore also called the Feichtinger algebra (and
is sometimes denoted by S0); it is an algebra under both pointwise multiplica-
tion and convolution, and has many other remarkable properties. Notice that
M1(Rd) ⊆ L2(Rd). Moreover, we have the following well-known result on the
relation between integrable STFTs and generators being in M1(Rd).
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Proposition 2.6. The following conditions are equivalent.

(i) f ∈ M1(Rd).
(ii) Vff ∈ L1(R2d).

For more details on modulation spaces we refer the reader to Gröchenig [63].

As in wavelet theory discrete versions of the continuous Gabor systems are
of considerable interest. Notice that also in this case, although Λ will always
denote a sequence of points in R

d and not merely a subset, for simplicity we
will write Λ ⊆ R

d. Recall the definition of a disjoint union of sequences from
Section 2.2.

Definition 2.7. (a) Given a generator g ∈ L2(R), a sequence of time-
frequency indices Λ ⊆ R

2d, and a weight function w : Λ → R
+, the weighted

(irregular) Gabor system generated by g, Λ, and w is defined by

G(g, Λ,w) = {w(a, b)
1
2 ρ(a, b, 1)g}(a,b)∈Λ

= {w(a, b)
1
2 MbTag}(a,b)∈Λ

= {w(a, b)
1
2 e2πi〈b,x〉g(x − a)}(a,b)∈Λ.

If w = 1 we omit writing it.

(b) Let g1, . . . , gL ∈ L2(Rd), and let Λ1, . . . , ΛL ⊆ R
2d with associated

weight functions w� : Λ� → R
+ for � = 1, . . . , L be given. Then the weighted

(irregular) Gabor system generated by {(g�, Λ�, w�)}L
�=1 is the disjoint union

L⋃

�=1

G(g�, Λ�, w�).

This definition of weighted Gabor systems includes as special cases the so-
called regular Gabor systems, which are Gabor systems of the form G(g, aZ

d×
bZd), where a, b > 0.

One tool for studying irregular nonweighted Gabor systems is the notion
of Beurling density. For h > 0 and x = (x1, . . . , xd) ∈ R

d, we let Qh(x) denote
the cube centered at x with side length h, i.e., Qh(x) =

∏d
j=1

[
xj − h

2 , xj + h
2

)
.

Then the upper Beurling density of a sequence Λ in R
d is defined by

D+(Λ) = lim sup
h→∞

sup
x∈Rd

#(Λ ∩ Qh(x))
hd

,

and its lower Beurling density is

D−(Λ) = lim inf
h→∞

inf
x∈Rd

#(Λ ∩ Qh(x))
hd

.
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If D−(Λ) = D+(Λ), then we say that Λ has uniform Beurling density and
denote this density by D(Λ). For example, the lattice Λ = aZ × bZ ⊆ R

2,
a, b > 0 has the uniform Beurling density D(Λ) = 1

ab .
It was shown by H. Landau [97, Lem. 4], that these densities do not depend

on the particular choice of sets Qh(x), h > 0, x ∈ R
d, in the sense that we

can substitute these sets by sets x + hU , where U ⊆ R
d is a compact set with

|U | = 1, i.e., of Lebesgue measure 1, whose boundary has measure zero, yet
still obtain the same notion.

For more details on Beurling density and its connections to Gabor frames
we refer the reader to the papers authored by Balan, Casazza, Heil, and Z. Lan-
dau [7] and by Christensen, Deng, and Heil [22]. New characterizations and
an extension of the notion of Beurling density to weighted sequences can be
found in Kutyniok [93]. This paper also contains a fundamental relationship
between this density, the frame bounds, and the norm of the generator for
weighted Gabor frames.

2.4 Amalgam Spaces

An amalgam space combines a local criterion for membership with a global
criterion. The first amalgam spaces were introduced by Wiener in his study of
generalized harmonic analysis [125, 126]. A comprehensive general theory
of amalgam spaces on locally compact groups was introduced and extensively
studied by Feichtinger and Gröchenig, e.g., [48, 52, 53, 50]. For an exposi-
tory introduction to Wiener amalgams on R with extensive references to the
original literature, we refer to Heil [71]. In the following we will give a brief
survey of amalgam spaces of the type WG(L∞, Lp) and WG(C,Lp), where
1 ≤ p < ∞ and G is a locally compact group. For the theory of locally com-
pact groups we refer the reader to Folland [58] and Hewitt and Ross [80, 81].

Let G be a locally compact group and let µG denote a left-invariant Haar
measure on G. Then the Wiener amalgam spaces WG(L∞, Lp) and WG(C,Lp)
are defined as follows.

Definition 2.8. Given 1 ≤ p < ∞, the amalgam space WG(L∞, Lp) on the
locally compact group G consists of all functions f : G → C such that

‖f‖WG(L∞,Lp) =
(∫

G

ess supa∈G|f(a)φ(x−1a))|p dµG(x)
)1/p

< ∞,

where φ is a fixed continuous function with compact support satisfying 0 ≤
φ(x) ≤ 1 for all x ∈ G, and φ(x) = 1 on some compact neighborhood of the
identity. The amalgam space WG(C,Lp) is the closed subspace of WG(L∞, Lp)
consisting of the continuous functions in WG(L∞, Lp).

WG(L∞, Lp) is a Banach space, and its definition is independent of the
choice of φ, in the sense that each choice of φ yields the same space under an
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equivalent norm. For proofs and more details, see Feichtinger and Gröchenig
[52, 53].

The space WG(L∞, Lp) can be equipped with an equivalent discrete-type
norm. For this, we first require some notation. Given some neighborhood U of
the identity in G, a sequence {xi}i∈I in G is called U -dense, if

⋃
i∈I xiU = G.

It is called V -separated, if for some relatively compact neighborhood V of
the identity the sets {xiV }i∈I are pairwise disjoint. The sequence is called
relatively separated, if it is the finite union of V -separated sequences.

Definition 2.9. A sequence of continuous functions {φi}i∈I on G is called a
bounded partition of unity, or BUPU, if

(i) 0 ≤ φi(x) ≤ 1 for all i ∈ I and x ∈ G.
(ii)
∑

i∈I φi ≡ 1.
(iii) There exists a compact neighborhood U of the identity in G with nonempty

interior and a U -dense, relatively separated sequence {xi}i∈I such that
supp(φi) ⊆ xiU for all i ∈ I.

Then we have the following result from Feichtinger [49] (compare also
Feichtinger and Gröchenig [52]).

Theorem 2.10. If {φi}i∈I is a BUPU, then

‖f‖WG(L∞,Lp) �
(
∑

i∈I

‖fφi‖p
∞

) 1
p

,

where � denotes the equivalence of norms.
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Weighted Affine Density

In this chapter we introduce the notion of weighted affine density for multiple
weighted sequences in the affine group. We study its basic properties, which
will be used in the subsequent chapters. Then we discuss the notion of affine
density introduced by Sun and Zhou [119] and study the exact relation to the
affine density we will employ in this book.

This chapter contains a generalization of the notion of weighted affine den-
sity as introduced by Heil and Kutyniok in [73] to multiple weighted sequences.
Further, some of the results in this chapter generalize the results obtained in
Kutyniok [92] to multiple weighted sequences.

3.1 Definitions

The notion of affine density, which we will introduce in this section, will employ
the affine group A defined in Section 2.2. The density defined by Sun and
Zhou [119], which will be studied in Section 3.3 is suited to the geometry of
an isomorphic version of the affine group. Surprisingly, it turns out that both
notions of density behave very differently.

In R
d, Beurling density is a measure of the “average” number of points of a

sequence that lie inside a unit cube. We will transfer the definition of Beurling
density for sequences in R

2 to sequences in the affine group and extend it in
order to allow multiple weighted sequences.

Before we can state the definition of affine density, we first require some
notation. For h > 0, we let Qh denote a fixed family of increasing, exhaustive
neighborhoods of the identity element e = (1, 0) in A. For simplicity, we will
take

Qh = [e−
h
2 , e

h
2 ) × [−h

2 , h
2 ).

For (x, y) ∈ A, we let Qh(x, y) be the set Qh left-translated via the group
action so that it is “centered” at the point (x, y), i.e.,
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Qh(x, y) = (x, y) · Qh =
{
(xa, y

a + b) : a ∈ [e−
h
2 , e

h
2 ), b ∈ [−h

2 , h
2 )
}
.

We remark that although Qh is a rectangle, the sets Qh(x, y) do not share
this property. However, for simplicity we will still refer to the sets Qh(x, y) as
“boxes”.

A locally compact group is always equipped with a left-invariant Haar
measure, which is unique up to a constant multiple. For A such a measure is
given by µA = dx

x dy. Since µA is left-invariant, we have that

µA(Qh(x, y)) = µA(Qh) =
∫ h

2

−h
2

∫ e
h
2

e− h
2

dx

x
dy = h2.

Next, given a sequence Λ in A and a weight function w : Λ → R
+, we

define the weighted number of elements of Λ lying in a subset K of Λ to be

#w(K) =
∑

(a,b)∈K

w(a, b).

A sequence Λ together with its associated weight function w will always be
denoted by (Λ,w).

Now we can state the definition of affine density for multiple weighted
sequences {(Λ�, w�)}L

�=1.

Definition 3.1. Let Λ1, . . . , ΛL ⊆ A with associated weight functions w� :
Λ� → R

+ for � = 1, . . . , L be given. Then the upper weighted affine density of
{(Λ�, w�)}L

�=1 is defined by

D+({(Λ�, w�)}L
�=1) = lim sup

h→∞
sup

(x,y)∈A

∑L
�=1 #w�

(Λ� ∩ Qh(x, y))
h2

,

and the lower weighted affine density of {(Λ�, w�)}L
�=1 is

D−({(Λ�, w�)}L
�=1) = lim inf

h→∞
inf

(x,y)∈A

∑L
�=1 #w�

(Λ� ∩ Qh(x, y))
h2

.

If D−({(Λ�, w�)}L
�=1) = D+({(Λ�, w�)}L

�=1), then we say that {(Λ�, w�)}L
�=1 has

uniform weighted affine density and denote this density by D({(Λ�, w�)}L
�=1).

If w1 = . . . = wL = 1, we write D−({Λ�}L
�=1) and D+({Λ�}L

�=1).

We first make the following basic observations.

Remark 3.2. (a) Let Λ1, . . . , ΛL ⊆ A be given. The definition of affine density
for multiple sequences can be reduced to a simpler form using the disjoint
union Λ =

⋃L
�=1 Λ� of the sequences Λ1, . . . , ΛL. Employing this new sequence

we obtain

D+({Λ�}L
�=1) = D+(Λ) and D−({Λ�}L

�=1) = D−(Λ).
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(b) Let Λ1, . . . , ΛL ⊆ A with associated weight functions w� : Λ� → R
+

for � = 1, . . . , L be given. Then

L∑

�=1

D−(Λ�, w�) ≤ D−({(Λ�, w�)}L
�=1) ≤ D+({(Λ�, w�)}L

�=1) ≤
L∑

�=1

D+(Λ�, w�).

These inequalities may be strict, for instance, consider Λ1 = {(2j , k)}j≥0,k∈Z

and Λ2 = {(2j , k)}j<0,k∈Z and w1 = w2 = 1, where L = 2.

The best known class of wavelet systems are the classical affine systems,
which are W(ψ, {(aj , bk)}j,k∈Z) with a > 1, b > 0, and ψ ∈ L2(R). For Gabor
systems G(g, aZ×bZ) with a, b > 0, the Beurling density 1

ab of the lattice aZ×
bZ is a ubiquitous constant in a variety of formulas. For example, if G(g, aZ×
bZ) is a tight frame for L2(R) and ‖g‖2 = 1, then the frame bounds are
exactly 1

ab . Many of these formulas have analogues for classical affine systems,
with the number 1

b ln a playing the role that 1
ab plays for Gabor systems. For

this reason, Daubechies already suggested in [41, Sec. 4.1], that 1
b ln a might

play the role of a density for affine systems, but she also demonstrated that
affine systems cannot possess an analogue of the Nyquist density that Gabor
systems possess. The following result shows that our notion of density in fact
leads to exactly this value. In Section 4.3 it will be shown that this is a special
case of a larger class of wavelet systems, the oversampled affine systems, which
surprisingly all possess the same uniform weighted affine density 1

b ln a .

Lemma 3.3. Let a > 1, b > 0, and define Λ = {(aj , bk)}j,k∈Z. Then Λ has
uniform affine density

D(Λ) =
1

b ln a
.

Proof. Fix (x, y) ∈ A. If (aj , bk) ∈ Qh(x, y), then
(

aj

x , bk − xy
aj

)
= (x, y)−1 · (aj , bk) ∈ Qh.

In particular, aj

x ∈ [e−
h
2 , e

h
2 ). There are at least h

ln a and at most h
ln a + 1

integers j satisfying this condition. Additionally, we have xy
ajb − h

2b ≤ k <
xy
ajb + h

2b . For a given j, there are at least h
b and at most h

b + 1 integers k
satisfying this condition. We conclude that

h
ln a · h

b ≤ #(Λ ∩ Qh(x, y)) ≤
(

h
ln a + 1

) (
h
b + 1

)
.

Thus

D+(Λ) ≤ lim sup
h→∞

( h
ln a + 1)(h

b + 1)
h2

=
1

b ln a
,

and similarly D−(Λ) ≥ 1
b ln a . ��

In Section 3.3 it will be shown that employing a different, yet isomorphic
version of the affine group yields a different value for the affine density of
classical affine systems.
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3.2 Basic Properties

The following proposition, whose proof will be given at the end of this section,
indicates that provided we are only interested in “qualitative” values of upper
affine density, it suffices to consider the single weighted sequences separately.
We further show that the multiple weighted sequences have uniform affine
density if this is true for each of the single weighted sequences.

Proposition 3.4. Let Λ1, . . . , ΛL ⊆ A with associated weight functions w� :
Λ� → R

+ for � = 1, . . . , L be given. Then the following statements hold.

(i) We have

D+({(Λ�, w�)}L
�=1) < ∞ ⇐⇒ D+(Λ�, w�) < ∞ for all � = 1, . . . , L.

(ii) If for each � = 1, . . . , L the pair (Λ�, w�) has uniform affine density, then
also {(Λ�, w�)}L

�=1 has uniform affine density.

Thus we now focus on single weighted sequences in A. We will derive some
equivalent ways to view the meaning of finite upper weighted affine density
and positive lower weighted affine density. First, however, we will require
the following technical lemma, which will be used throughout. It studies the
number of overlaps of boxes of the form Qh(x, y). In particular, we derive a
covering of the affine group with special boxes, however not a disjoint one.

Lemma 3.5. Let h > 0, r ≥ 1, and (p, q) ∈ A be given.

(i)
{
Qh(ejh, khe−

h
2 ) · (p, q)

}
j,k∈Z

covers A.

(ii) Any set Qh(x, y) intersects at most 3(eh(p+1)+ e
h
2 p|q|+1) different sets

of the form Qh(ejh, khe−
h
2 ) · (p, q).

(iii) Any set Qrh(x, y) intersects at most (r + 2)(eh(r + 1) + 1) different sets
of the form Qh(ejh, khe−

h
2 ).

(iv) Any set Qrh(x, y) contains at least (r − 1)( r−1
eh − 1) disjoint sets of the

form Qh(ejh, khe−
h
2 ).

Proof. (i) Since A is invariant under right-shifts, it suffices for this part to
consider the case (p, q) = (1, 0). Fix any (x, y) ∈ A. Then there is a unique
j ∈ Z and a ∈ [e−

h
2 , e

h
2 ) such that x = ejha, or lnx = jh + ln a. Further,

since h
ae−

h
2 ≤ h, there exist at least one k ∈ Z and b ∈ [−h

2 , h
2 ) such that

y = kh
a e−

h
2 + b. Consequently,

(x, y) = (ejha, kh
a e−

h
2 + b) = (ejh, khe−

h
2 ) · (a, b) ∈ Qh(ejh, khe−

h
2 ).

(ii) Fix (x, y) ∈ A, and suppose that (u, v) ∈ Qh(x, y) ∩ Qh(ejh, khe−
h
2 ) ·

(p, q). Then there exist points (a, b), (c, d) ∈ Qh such that
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(u, v) = (x, y) · (a, b) = (ax, y
a + b) ∈ Qh(x, y)

and

(u, v) = (ejh, khe−
h
2 ) · (c, d) · (p, q)

= (ejhcp, kh
cp e−

h
2 + d

p + q) ∈ Qh(ejh, khe−
h
2 ) · (p, q).

In particular, ax
cp = ejh with e−

h
2 ≤ a, c < e

h
2 , so x

ehp
≤ ejh ≤ ehx

p . Therefore

1
h

(lnx − h − ln p) ≤ j ≤ 1
h

(lnx + h − ln p) ,

which is satisfied for at most 3 values of j. Further, khe−
h
2 = xy

ejh + bcp− cd−
cpq, so

e
h
2

h

(
xy

ejh
− h

2
e

h
2 p − h

2
e

h
2 − h

2
p|q|
)

≤ k ≤ e
h
2

h

(
xy

ejh
+

h

2
e

h
2 p +

h

2
e

h
2 +

h

2
p|q|
)
.

For a given value of j, this is satisfied for at most eh(p+1)+e
h
2 p|q|+1 values

of k. Thus, Qh(x, y) can intersect at most 3(eh(p+1)+ e
h
2 p|q|+1) sets of the

form Qh(ejh, khe−
h
2 ).

(iii), (iv) The proofs are similar to the proof of part (ii). ��

Using this lemma, we can give a useful reinterpretation of finite upper
weighted affine density, which is inspired by a result for (nonweighted) Beurl-
ing density by Christensen, Deng, and Heil [22, Lem. 2.3].

Proposition 3.6. If Λ ⊆ A and w : Λ → R
+, then the following conditions

are equivalent.

(i) D+(Λ,w) < ∞.
(ii) There exists h > 0 such that sup(x,y)∈A

#w(Λ ∩ Qh(x, y)) < ∞.
(iii) For every h > 0 we have sup(x,y)∈A

#w(Λ ∩ Qh(x, y)) < ∞.

Proof. (i) ⇒ (ii) and (iii) ⇒ (ii) are trivial.

(ii) ⇒ (i), (iii). Suppose there exists h > 0 such that

M = sup
(x,y)∈A

#w(Λ ∩ Qh(x, y)) < ∞.

For1 < t < h,wehaveQt(x, y) ⊆ Qh(x, y), so sup(x,y)∈A
#w(Λ∩Qt(x, y)) < ∞.

On the other hand, if t ≥ h then we have t = rh with r ≥ 1. If we let
Nr = (r + 2)(eh(r + 1) + 1) be as given in Lemma 3.5(iii), then each set
Qrh(x, y) is covered by a union of at most Nr sets of the form Qh(ejh, khe−

h
2 ).

Consequently,
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sup
(x,y)∈A

#w(Λ ∩ Qrh(x, y)) ≤ Nr sup
j,k∈Z

#w(Λ ∩ Qh(ejh, khe−
h
2 )) ≤ NrM < ∞.

Thus statement (iii) holds. Further,

D+(Λ,w) ≤ lim sup
r→∞

NrM

(rh)2
=

Meh

h2
< ∞,

so statement (i) holds as well. ��

A similar result holds for the case of positive lower weighted affine density.

Proposition 3.7. If Λ ⊆ A and w : Λ → R
+, then the following conditions

are equivalent.

(i) D−(Λ,w) > 0.
(ii) There exists some h > 0 such that inf(x,y)∈A #w(Λ ∩ Qh(x, y)) > 0.

Proof. (i) ⇒ (ii) is trivial.

(ii) ⇒ (i). Suppose there exists h > 0 such that M = inf(x,y)∈A #w(Λ ∩
Qh(x, y)) > 0. Let r > 1. If we let Nr = (r − 1)( r−1

eh − 1) be as given in
Lemma 3.5(iv), then each set Qrh(x, y) contains at least Nr disjoint sets of
the form Qh(ejh, khe−

h
2 ). Consequently,

inf
(x,y)∈A

#w(Λ ∩ Qrh(x, y)) ≥ Nr inf
j,k∈Z

#w(Λ ∩ Qh(ejh, khe−
h
2 )) ≥ NrM > 0.

Therefore,

D−(Λ,w) ≥ lim inf
r→∞

NrM

(rh)2
=

Me−h

h2
> 0,

which is (i). ��

We finish this section by giving the proof of Proposition 3.4.

Proof (of Proposition 3.4). (i) Assume D+({(Λ�, w�)}L
�=1) < ∞ and fix some

� ∈ {1, . . . , L}. Then, by definition, there exist h > 0 and N < ∞ such that
#w�

(Λ� ∩ Qh(x, y)) < N for all (x, y) ∈ A. By Proposition 3.6, this implies
D+(Λ�, w�) < ∞ for all � = 1, . . . , L.

Conversely, if D+(Λ�, w�) < ∞ for all � = 1, . . . , L, then, by Remark 3.2(b),

D+({(Λ�, w�)}L
�=1) ≤

L∑

�=1

D+(Λ�, w�) < ∞.

(ii) Suppose that D−(Λ�, w�) = D+(Λ�, w�) = D(Λ�, w�) for all � =
1, . . . , L. By Remark 3.2(b), this implies
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L∑

�=1

D(Λ�, w�) ≤ D−({(Λ�, w�)}L
�=1) ≤ D+({(Λ�, w�)}L

�=1) ≤
L∑

�=1

D(Λ�, w�),

hence

D−({(Λ�, w�)}L
�=1) = D+({(Λ�, w�)}L

�=1) =
L∑

�=1

D(Λ�, w�).

This proves (ii). ��

3.3 The Notion of Affine Density by Sun and Zhou

As already mention in Section 3.1, the notion of affine density can also be
defined by employing a group isomorphic to A. Let Ã = R

+ × R denote this
group, which is endowed with multiplication given by

(a, b) � (x, y) = (ax, b + ay).

To distinguish this group multiplication from the one associated with the
group A, we use the operator sign � here. The identity element of Ã is e =
(1, 0), and the inverse of an element (a, b) ∈ Ã is given by (a, b)−1 = ( 1

a ,− b
a ).

To construct a wavelet system adapted to this group, let σ̃ be the unitary
representation of Ã on L2(R) defined by

(σ̃(a, b)ψ)(x) = 1√
a
ψ(x−b

a ).

Given a function ψ ∈ L2(R), a sequence Λ ⊆ Ã, and a weight function w :
Λ → R

+, the weighted (irregular) wavelet system generated by ψ, Λ, and w is
defined by

W̃(ψ,Λ,w) = {w(a, b)
1
2 σ̃(a, b)ψ}(a,b)∈Λ

= {w(a, b)
1
2 1√

a
ψ(x−b

a )}(a,b)∈Λ

= {w(a, b)
1
2 TbDaψ}(a,b)∈Λ.

Given ψ1, . . . , ψL ∈ L2(R) and Λ1, . . . , ΛL ⊆ Ã with associated weight func-
tions w� : Λ� → R

+ for � = 1, . . . , L, the weighted (irregular) wavelet system
generated by {(ψ�, Λ�, w�)}L

�=1 is the disjoint union

L⋃

�=1

W̃(ψ�, Λ�, w�).

Now density with respect to the geometry of Ã can be defined in a similar
way as in Section 3.1. Recall that the boxes Qh were chosen to be Qh =
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[e−
h
2 , e

h
2 ) × [−h

2 , h
2 ). Then, for h > 0 and (x, y) ∈ Ã, we define the boxes

Q̃h(x, y) by

Q̃h(x, y) = (x, y) � Qh = {(xa, y + xb) : a ∈ [e−
h
2 , e

h
2 ), b ∈ [−h

2 , h
2 )}

We remark that in this situation the sets Q̃h(x, y) remain rectangles, thus the
geometry of the measuring boxes is easier in this sense.

A left-invariant Haar measure for the group Ã is given by µ
Ã

= dx
x2 dy.

Hence the volume of a box Q̃h(x, y) equals

µ
Ã
(Q̃h(x, y)) = µ

Ã
(Qh) =

∫ h
2

−h
2

∫ e
h
2

e− h
2

dx

x2
dy = h(e

h
2 − e−

h
2 ).

The definition of weighted affine density with respect to the group Ã is then
as follows. Let Λ1, . . . , ΛL ⊆ Ã with associated weight functions w� : Λ� → R

+

for � = 1, . . . , L be given. Then the upper weighted affine density with respect
to Ã of {(Λ�, w�)}L

�=1 is defined by

D̃+({(Λ�, w�)}L
�=1) = lim sup

h→∞
sup

(x,y)∈Ã

∑L
�=1 #w�

(Λ� ∩ Q̃h(x, y))

h(e
h
2 − e−

h
2 )

,

and the lower weighted affine density with respect to Ã of {(Λ�, w�)}L
�=1 is

D̃−({(Λ�, w�)}L
�=1) = lim inf

h→∞
inf

(x,y)∈Ã

∑L
�=1 #w�

(Λ� ∩ Q̃h(x, y))

h(e
h
2 − e−

h
2 )

.

If D̃−({(Λ�, w�)}L
�=1) = D̃+({(Λ�, w�)}L

�=1), then we say that {(Λ�, w�)}L
�=1

has uniform weighted affine density with respect to Ã and denote this density
by D̃({(Λ�, w�)}L

�=1). If w1 = . . . = wL = 1, we omit writing it.
In contrast to Lemma 3.5, the sets Q̃h(x, y) can be chosen to form a disjoint

covering of Ã.

Lemma 3.8. Let h > 0 and r ≥ 1 be given.

(i) {Q̃h(ejh, khejh)}j,k∈Z is a disjoint covering of Ã.

(ii) Any set Q̃rh(x, y) intersects at most r(eh( r+5
2 )−e−h( r+3

2 ))
eh−1

+ 2(r + 2) sets of
the form Q̃h(ejh, khejh).

(iii) Any set Q̃rh(x, y) contains at least r(eh( r−5
2 )−e−h( r−3

2 ))
eh−1

− 2(r + 2) disjoint
sets of the form Q̃h(ejh, khejh).

Proof. (i) Fix any (x, y) ∈ Ã. Then [lnx− h
2 , ln x+ h

2 ) contains a unique integer
of the form jh, and for fixed j there exists a unique a ∈ [e−

h
2 , e

h
2 ) such that
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ln x = jh + ln a. Further there exists a unique k ∈ Z and some b ∈ [−h
2 , h

2 )
such that y = ejh(kh + b). Hence

(x, y) = (ejha, khejh + ejhb) = (ejh, khejh) � (a, b) ∈ Q̃h(ejh, khejh)

with unique j, k ∈ Z.

(ii) Fix (x, y) ∈ Ã, and suppose that (u, v) ∈ Q̃rh(x, y) ∩ Q̃h(ejh, khejh).
Then there exist points (a, b) ∈ Qrh, (c, d) ∈ Qh such that

(u, v) = (x, y) � (a, b) = (ax, y + xb) ∈ Q̃rh(x, y)

and

(u, v) = (ejh, khejh) � (c, d) = (ejhc, khejh + ejhd) ∈ Q̃h(ejh, khejh).

In particular, ax
c = ejh with e−

rh
2 ≤ a < e

rh
2 and e−

h
2 ≤ c < e

h
2 , so x

e
h
2 (r+1)

≤
ejh ≤ xe

h
2 (r+1). Therefore

ln x

h
− r + 1

2
≤ j ≤ ln x

h
+

r + 1
2

.

Further, k = 1
h

(
y

ejh + xb
ejh − d

)
, so

y

hejh
− rx

2ejh
− 1

2
≤ k <

y

hejh
+

rx

2ejh
+

1
2
.

For a given value of j, this is satisfied for at most rx
ejh + 2 values of k. Thus,

Q̃rh(x, y) can intersect at most

� ln x
h + r+1

2 �∑

j=
 ln x
h − r+1

2 �

rx

ejh
+ 2

≤ rx

[
eh − e−h( ln x

h + r+1
2 +1)

eh − 1
− eh − e−h( ln x

h − r+1
2 −2)

eh − 1

]
+ 2(r + 2)

=
r(eh( r+5

2 ) − e−h( r+3
2 ))

eh − 1
+ 2(r + 2)

sets of the form Q̃h(ejh, khejh).

(iii) The proof is similar to the proof of part (ii). ��
Certainly, this fact makes this notion of affine density attractive. However,

the following result destroys the nice picture, since it shows that classical affine
systems do not possess a uniform density equal to the ubiquitous constant

1
b ln a , such as the density defined in Section 3.1 (see Lemma 3.3). Thus it
seems that it is not possible to have both the tiling property and the “correct”
uniform affine density for classical affine systems.

Due to the definition of the wavelet transform adapted to the group struc-
ture of Ã, a classical affine system is now of the form W̃(ψ, {(aj , ajbk)}j,k∈Z)
for a > 1, b > 0, and ψ ∈ L2(R).
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Lemma 3.9. If W̃(ψ,Λ) is a classical affine system, then we have

D̃−(Λ) =
1

b(a − 1)
and D̃+(Λ) =

a

b(a − 1)
.

Proof. Fix h > 0 and (x, y) ∈ Ã. If (aj , ajbk) ∈ Q̃h(x, y), then
(

aj

x , ajbk
x − y

x

)
= (x, y)−1 � (aj , ajbk) ∈ Qh.

This requires

2 ln x − h

2 ln a
≤ j <

2 ln x + h

2 ln a
and

2y − xh

2ajb
≤ k <

2y + xh

2ajb
.

Since terms ±1 are not significant in the limit (cf. the proof of Lemma 3.3),
it suffices to observe that

#(Λ ∩ Q̃h(x, y)) ≈ xh

b

� 2 ln x+h
2 ln a �−1∑

j=� 2 ln x−h
2 ln a �

1
aj

.

By choosing x appropriately, this implies that

D̃−(Λ) = lim inf
h→∞

inf
(x,y)∈Ã

#(Λ ∩ Q̃h(x, y))

h(e
h
2 − e−

h
2 )

= lim inf
h→∞

h(e
h
2 − e−

h
2 )

b(a − 1)h(e
h
2 − e−

h
2 )

=
1

b(a − 1)

and

D̃+(Λ) = lim sup
h→∞

sup
(x,y)∈Ã

#(Λ ∩ Q̃h(x, y))

h(e
h
2 − e−

h
2 )

= lim sup
h→∞

h(ae
h
2 − e−

h
2 )

b(a − 1)h(e
h
2 − e−

h
2 )

=
a

b(a − 1)
,

which finishes the proof. ��

In [119] Sun and Zhou defined a notion of affine density for nonweighted
sequences by employing the affine group Ã. However, due to Lemma 3.9, they
had to use weights in the computation of both the cardinality #(Λ∩Q̃h(x, y))
and the volume µ

Ã
(Q̃h(x, y)) to ensure that classical affine systems have a

uniform affine density equal to 1
b ln a , cf. [119, Rem. 3.1]. In our approach

classical affine systems possess this uniform affine density without adding
artificial weights. We further remark that Sun and Zhou chose the boxes Q̃h

to be dependent on two parameters; thus it is possible to change the height
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and the width of the boxes independently. But it can be seen that this does
not make any difference.

However, we can show that if we choose another exhaustive sequence of
boxes in Ã, we in fact obtain the “correct” density for classical affine systems
without the necessity to add weights. But then we loose the property of having
a sequence of rectangular neighborhoods of the identity and the property of
tiling the affine group at each level h.

To prove this result we employ the group isomorphism connecting A and Ã.

Remark 3.10. Let Φ : R
+ × R → R

+ × R be defined by

Φ(x, y) = (x, xy).

We have

Φ((a, b) · (x, y)) = (ax, ab + axy) = Φ(a, b) � Φ(x, y).

Since Φ is also bijective, Φ : A → Ã is the wanted group isomorphism.

Now define (K̃h)h>0 to be the exhaustive sequence of neighborhoods of
the identity in Ã given by K̃h = Φ(Qh) and let K̃h(x, y) for (x, y) ∈ Ã be
defined by K̃h(x, y) = (x, y) � K̃h. Then this choice of neighborhoods has the
desired property.

Lemma 3.11. Let a > 1, b > 0, and define Λ = {(aj , ajbk)}j,k∈Z, i.e., Λ is
the sequence in Ã associated with a classical affine system. Then

lim sup
h→∞

sup
(x,y)∈Ã

#(Λ ∩ K̃h(x, y))

µ
Ã
(K̃h)

= lim inf
h→∞

inf
(x,y)∈Ã

#(Λ ∩ K̃h(x, y))

µ
Ã
(K̃h)

=
1

b ln a
.

Proof. First notice that

µ
Ã
(K̃h) = µ

Ã
(Φ(Qh)) =

∫ e
h
2

e− h
2

∫ xh
2

− xh
2

dy
dx

x2
= h2.

Since Φ is an isomorphism, we obtain

lim sup
h→∞

sup
(x,y)∈Ã

#(Λ ∩ K̃h(x, y))

µ
Ã
(K̃h)

= lim sup
h→∞

sup
(x,y)∈Ã

#(Φ(Φ−1(Λ)) ∩ (x, y) � Φ(Qh))
h2

= lim sup
h→∞

sup
(x,y)∈A

#(Φ(Φ−1(Λ) ∩ Qh(x, y)))
h2

= lim sup
h→∞

sup
(x,y)∈A

#(Φ−1(Λ) ∩ Qh(x, y))
h2
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= D+(Φ−1(Λ))

=
1

b ln a
.

The last equality follows from Lemma 3.3. A similar argument proves the
remaining claim. ��

3.4 Comparison of Both Notions of Affine Density

In the following we will show that although the two affine densities differ in
the exact value for classical affine systems, they are equivalent in a special
sense, i.e., they are equal in a qualitative sense concerning the upper density.

For this, we need the following two technical results, which are similar to
Propositions 3.6 and 3.4. Since the proofs are similar to those (only Lemma
3.8 instead of Lemma 3.5 is used), we omit them.

Proposition 3.12. If Λ ⊆ Ã and w : Λ → R
+, then the following conditions

are equivalent.

(i) D̃+(Λ,w) < ∞.

(ii) There exists h > 0 such that sup
(x,y)∈Ã

#w(Λ ∩ Q̃h(x, y)) < ∞.

(iii) For every h > 0 we have sup
(x,y)∈Ã

#w(Λ ∩ Q̃h(x, y)) < ∞.

Proposition 3.13. Let Λ1, . . . , ΛL ⊆ Ã with associated weight functions w� :
Λ� → R

+ for � = 1, . . . , L be given. Then we have

D̃+({(Λ�, w�)}L
�=1) < ∞ ⇐⇒ D̃+(Λ�, w�) < ∞ for all � = 1, . . . , L.

The next result states the above-mentioned equivalence in a precise way.

Theorem 3.14. Let Λ1, . . . , ΛL ⊆ A with associated weight functions w� :
Λ� → R

+ for � = 1, . . . , L be given. Then the following conditions are equiva-
lent.

(i) D+({(Λ�, w�)}L
�=1) < ∞.

(ii) D̃+({(Φ(Λ�), w� ◦ Φ−1)}L
�=1) < ∞.

Proof. Notice that by employing Propositions 3.4 and 3.13, it suffices to only
consider the case L = 1. Hence we let Λ be a sequence in A with associated
weight function given by w : Λ → R

+.
By Proposition 3.6, (i) holds if and only if there exists some h > 0 such

that we have sup(x,y)∈A
#w(Λ ∩ Qh(x, y)) < ∞. Now #w(Λ ∩ Qh(x, y)) =

#w◦Φ−1(Φ(Λ) ∩ Φ(Qh(x, y))) and Φ(Qh(x, y)) = Φ(x, y) � Φ(Qh). This shows
that (i) is equivalent to the existence of some h > 0 such that
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sup
(x,y)∈Ã

#w◦Φ−1(Φ(Λ) ∩ (x, y) � Φ(Qh)) < ∞.

On the other hand, using Proposition 3.12, we get that (ii) holds if and only
if there exists h > 0 such that sup

(x,y)∈Ã
#w◦Φ−1(Φ(Λ) ∩ (x, y) � Qh) < ∞.

It is easy to check that we have Q
he− h

2
⊆ Φ(Qh) ⊆ Q

he
h
2

for all h > 0. This
implies

sup
(x,y)∈Ã

#w◦Φ−1(Φ(Λ) ∩ (x, y) � Q
he− h

2
)

≤ sup
(x,y)∈Ã

#w◦Φ−1(Φ(Λ) ∩ (x, y) � Φ(Qh))

≤ sup
(x,y)∈Ã

#w◦Φ−1(Φ(Λ) ∩ (x, y) � Q
he

h
2
),

which shows that there exists h > 0 such that

sup
(x,y)∈Ã

#w◦Φ−1(Φ(Λ) ∩ (x, y) � Φ(Qh)) < ∞

if and only if there exists h > 0 such that

sup
(x,y)∈Ã

#w◦Φ−1(Φ(Λ) ∩ (x, y) � Qh) < ∞.

This shows that (i) and (ii) are equivalent. ��

In Theorem 4.1 it will be shown that D+({(Λ�, w�)}L
�=1) < ∞ is a neces-

sary condition for
⋃L

�=1 W(ψ�, Λ�, w�) to possess an upper frame bound. Thus
since the relation W(ψ�, Λ�, w�) = W̃(ψ�, Φ(Λ�), w� ◦ Φ−1) holds, concerning
determining necessary conditions on the existence of upper frame bounds for
wavelet systems both affine densities yield the same results. However, in Chap-
ter 5 we will show that affine density can also be related to the frame bounds
of a wavelet frame and the admissibility constant of the generator in which
case the exact value of the affine density will indeed play a vital role.



4

Qualitative Density Conditions

We prove that there exist necessary conditions on a weighted wavelet system
with finitely many generators in order that it possesses frame bounds. Specifi-
cally, we prove that if such a system possesses an upper frame bound, then
the upper weighted affine density is finite. Further, under some hypotheses,
we prove that if such a system possesses a lower frame bound, then the lower
affine density is strictly positive.

We then apply these results to oversampled affine systems (which include
the classical affine and the quasi-affine systems as special cases), to co-affine
systems, and to systems consisting only of dilations, obtaining some new
results relating density to the frame properties of these systems.

In 2002 Hernández, Labate, and Weiss [77] gave a characterization of when
a weighted wavelet system with finitely many generators and with arbitrary
sequences of scale indices forms a Parseval frame, assuming that a certain
hypothesis known as the local integrability condition (LIC) holds. We show
that, under some mild regularity assumption on the analyzing wavelets, the
LIC is solely a density condition on the sequences of scale indices, thereby
emphasizing the utility of the notion of density. More precisely, it will be
proven that the LIC is equivalent to the condition that the weighted sequences
of scale indices possess a finite upper weighted density. This condition is very
natural, since applying the results obtained in the first part of this chapter
shows that wavelet frames of the considered form must have finite upper
weighted density.

The main results in this chapter generalize the results obtained in Heil and
Kutyniok [73] to multiple generators and the results obtained in Kutyniok [94]
to wavelet systems with finitely many generators equipped with weights.

4.1 Existence of an Upper Frame Bound

First we study necessary conditions for the existence of an upper frame bound,
i.e., for a wavelet system to be Bessel, in terms of affine density. Intuitively,
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a wavelet system being Bessel should imply that its sequences of time-scale
indices do not contain “too many” elements, i.e., that there cannot be too
much “crowding together” of points. And in fact, affine density gives a precise
formalism for this intuition. This result is inspired by a similar result for
unweighted Gabor systems by Christensen, Deng, and Heil [22, Thm. 1.1(a)].
We remark that a similar result for singly generated nonweighted wavelet
systems was simultaneously derived by Sun and Zhou [119, Thm. 3.2] for
their notion of density.

Theorem 4.1. Let ψ1, . . . , ψL ∈ L2(R)\{0}, and let Λ1, . . . , ΛL ⊆ A be given
with associated weight functions w� : Λ� → R

+ for � = 1, . . . , L. If the
system

⋃L
�=1 W(ψ�, Λ�, w�) possesses an upper frame bound for L2(R), then

D+({(Λ�, w�)}L
�=1) < ∞.

Proof. Assume that Λ1, . . . , ΛL ⊆ A with associated weight functions w� :
Λ� → R

+ for � = 1, . . . , L are given such that D+({(Λ�, w�)}L
�=1) = ∞. We

will show that
⋃L

�=1 W(ψ�, Λ�, w�) does not possess an upper frame bound for
any collection of analyzing wavelets ψ1, . . . , ψL ∈ L2(R) \ {0}.

Fix some f ∈ L2(R) with ‖f‖2 = 1. Since D+({(Λ�, w�)}L
�=1) = ∞, by

Proposition 3.4(i) there exists �0 ∈ {1, . . . , L} with D+(Λ�0 , w�0) = ∞. Now
since Wψ�0

f is nonzero and continuous, there must exist some (c, d) ∈ A and
some h > 0 such that Wψ�0

f does not vanish on the closure of Qh(c, d), and
consequently,

inf
(x,y)∈Qh(c,d)

|Wψ�0
f(x, y)| = δ > 0.

Now choose any N > 0. Since D+(Λ�0 , w�0) = ∞, it follows from Proposi-
tion 3.6 that

sup
(x,y)∈A

#w�0
(Λ�0 ∩ Qh(x, y)) = ∞,

so there must exist a point (p, q) ∈ A such that #w�0
(Λ�0 ∩ Qh(p, q)) ≥ N .

Define
g = σ((p, q) · (c, d)−1)f

and note that ‖g‖2 = ‖f‖2 = 1. Now,

(a, b) ∈ Qh(p, q) = (p, q) ·Qh =⇒ (c, d) ·(p, q)−1 ·(a, b) ∈ (c, d) ·Qh = Qh(c, d),

so we can compute that
∑

(a,b)∈Λ�0

|〈g, w�0(a, b)
1
2 σ(a, b)ψ�0〉|2

≥
∑

(a,b)∈Λ�0∩Qh(p,q)

|〈σ((p, q) · (c, d)−1)f, w�0(a, b)
1
2 σ(a, b)ψ�0〉|2

=
∑

(a,b)∈Λ�0∩Qh(p,q)

|w�0(a, b)|
∣∣〈f, σ((c, d) · (p, q)−1 · (a, b))ψ�0

〉∣∣2
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=
∑

(a,b)∈Λ�0∩Qh(p,q)

|w�0(a, b)| |Wψ�0
f((c, d) · (p, q)−1 · (a, b))|2

≥ δ2 #w�0
(Λ�0 ∩ Qh(p, q))

≥ δ2N.

Since N is arbitrary and ‖g‖2 = 1, we conclude that W(ψ�0 , Λ�0 , w�0), and
hence in particular

⋃L
�=1 W(ψ�, Λ�, w�), cannot possess an upper frame bound.

��

4.2 Existence of a Lower Frame Bound

In a similar way as for the upper frame bound, our intuition tells us that the
existence of a lower frame bound for a wavelet system should imply that the
associated sequences of time-scale indices should possess “enough” elements,
i.e., there should not be “gaps” in the distribution of points of the sequences of
time-scale indices of arbitrarily large size. Due to Theorem 4.1, we expect that,
provided a weighted wavelet system with finitely many (admissible) generators
possesses a lower frame bound, the lower weighted affine density of its weighted
sequences of time-scale indices should be at least positive. This general claim
and even the claim for unweighted wavelet systems is still unsolved. In this
section we will prove the following result which does not restrict the choice of
the analyzing wavelets, but only poses restrictions on the sequences of time-
scale indices. In Section 6.4 we will derive another partial result (Corollary
6.12) for any finite number of sequences of time-scale indices but with a mild
regularity condition on the analyzing wavelets. We also refer to partial results
derived by Sun in [117].

Theorem 4.2. Let ψ1, . . . , ψL ∈ L2(R), and let Λ1, . . . , ΛL ⊆ A with dis-
joint union denoted by Λ =

⋃L
�=1 Λ�. Suppose that D+(

⋃L
�=1 Λ−1

� ) < ∞. If⋃L
�=1 W(ψ�, Λ�) possesses a lower frame bound for L2(R), then D−(Λ) > 0.

Before stating the proof of Theorem 4.2, in addition to Proposition 3.6,
we give a further interpretation of finite upper affine density in terms of the
following definition.

Definition 4.3. We will say that a set K ⊆ A is affinely h-separated if

(a, b) �= (c, d) ∈ K =⇒ Qh(a, b) ∩ Qh(c, d) = ∅.

Before proving a characterization of finite upper affine density in terms of
this notion, we require the following technical lemma.

Lemma 4.4. Let h > 0 be given. If Qh(x, y) ∩ Qh(a, b) �= ∅, then (x, y) ∈
Q

2he
h
2
(a, b).
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Proof. Suppose that (c, d) ∈ Qh(x, y) ∩ Qh(a, b). Then we would have

(c, d) = (x, y)(t, u) = (a, b)(r, s)

for some (t, u), (r, s) ∈ Qh. Therefore,

(a, b)−1 · (x, y) = (r, s) · (t, u)−1 = ( r
t , st − tu) ∈ Q

2he
h
2
,

so (x, y) ∈ Q
2he

h
2
(a, b). ��

Now we derive a further interpretation of finite upper affine density. This
should be compared to the characterization result in Proposition 3.6.

Proposition 4.5. If Λ ⊆ A, then the following conditions are equivalent.

(i) D+(Λ) < ∞.
(ii) There exists h > 0 such that Λ can be written as a finite union of sequences

Λ1, . . . , ΛN , each of which is affinely h-separated.
(iii) For every h > 0, Λ can be written as a finite union of sequences

Λ1, . . . , ΛN , each of which is affinely h-separated.

Proof. (i) ⇒ (iii). Assume that D+(Λ) < ∞, and let h > 0 be given. Then
by Proposition 3.6, we have M = sup(x,y)∈A

#(Λ ∩ Qh(x, y)) < ∞. Fix any
(a, b) ∈ Λ. If (c, d) ∈ Λ is such that Qh(a, b) ∩ Qh(c, d) �= ∅, then we have
by Lemma 4.4 that (c, d) ∈ Q

2he
h
2
(a, b). Now by Lemma 3.5(ii), there exists

an integer N , independent of (a, b), such that Q
2he

h
2
(a, b) is contained in

a union of at most N sets of the form Qh(ejh, khe−
h
2 ). However, each set

Qh(ejh, khe−
h
2 ) can contain at most M points of Λ. Hence Q

2he
h
2
(a, b) can

contain at most MN points of Λ.
Thus, each Qh(a, b) with (a, b) ∈ Λ can intersect at most MN sets Qh(c, d)

with (c, d) ∈ Λ. By the disjointization principle of Feichtinger and Gröbner
[51, Lem. 2.9], it follows that Λ can be divided into at most MN subsequences
Λ1, . . . , ΛMN such that for each fixed i, the sets Qh(a, b) with (a, b) ∈ Λi are
disjoint, or in other words, Λi is affinely h-separated.

(ii) ⇒ (i). Assume that Λ = Λ1∪· · ·∪ΛN with each Λi affinely h-separated.
Fix δ so that 1 < 2δe

δ
2 < h, and suppose that two points (a, b) and (c, d) of

some Λi were both contained in some Qδ(x, y). Then by Lemma 4.4, we would
have (x, y) ∈ Q

2δe
δ
2
(a, b) ⊆ Qh(a, b) and (x, y) ∈ Q

2δe
δ
2
(c, d) ⊆ Qh(c, d).

Hence (a, b) = (c, d) since Λi is affinely h-separated. Thus, each Qδ(x, y)
contains at most one point of Λi, so sup(x,y)∈A

#(Λ ∩ Qδ(x, y)) ≤ N < ∞. It
therefore follows from Proposition 3.6 that D+(Λ) < ∞.

Since (iii) ⇒ (ii) is obvious, the proposition is proved. ��

For the proof of our main result in this section, in addition, we require the
following technical lemmas.
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Lemma 4.6. If Λ ⊆ A satisfies D+(Λ) < ∞, then D+(Λ · (p, q)) < ∞ for
each (p, q) ∈ A.

Proof. Since D+(Λ) < ∞, we have by Proposition 3.6 that

M = sup
(x,y)∈A

#(Λ ∩ Q1(x, y)) < ∞.

Fix any (p, q) ∈ A. By Lemma 3.5, we have that {Q1(ej , ke−
1
2 ) · (p, q)}j,k∈Z

covers A, and there exists an integer N independent of (x, y) such that each
Q1(x, y) intersects at most N of the sets Q1(ej , ke−

1
2 ) · (p, q). Therefore,

#(Λ · (p, q) ∩ Q1(x, y)) ≤ N sup
j,k∈Z

#(Λ · (p, q) ∩ Q1(ej , ke−
1
2 ) · (p, q))

= N sup
j,k∈Z

#(Λ ∩ Q1(ej , ke−
1
2 ))

≤ NM,

and therefore D+(Λ · (p, q)) < ∞ by Proposition 3.6. ��

Lemma 4.7. Let δ,R > 1 be given. If T > e
R
2 (R+ δ), then we have for every

(p, q) ∈ A that

(a, b) /∈ QT (p, q) =⇒ QR ∩ Qδ((a, b)−1 · (p, q)) = ∅.

Proof. Suppose that there exists a point (x, y) ∈ QR ∩ Qδ((a, b)−1 · (p, q)).
Then (x, y) = (a, b)−1 · (p, q) · (c, d) for some (c, d) ∈ Qδ. Since we also have
(x, y) ∈ QR, we can check that

(p, q)−1 · (a, b) = (c, d) · (x, y)−1 = ( c
x , dx − xy) ∈ QT .

Therefore (a, b) ∈ (p, q) · QT = QT (p, q). ��

The following lemma is similar to a result by Christensen, Deng, and Heil
[22, Lem. 3.3] for Gabor systems, where here we make use of the Bergman
transform instead of the Bargmann transform and choose a different func-
tion η.

Lemma 4.8. Let ψ ∈ L2(R), and define η ∈ L2
A(R) by

η̂(ξ) =

{
2ξ e−ξ, ξ ≥ 0,

0, ξ < 0.

Foreach δ > 1, there exists a constantCδ > 0 such that for every (p, q), (a, b) ∈ A,

|〈σ(p, q)η, σ(a, b)ψ〉|2 ≤ Cδ

∫∫

Qδ((a,b)−1·(p,q))

∣∣〈ψ, σ(x, y)η
〉∣∣2 dµA(x, y).
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Proof. It is easy to check that ‖η‖2 = 1 and Cη = 1 < ∞. Therefore η
is an admissible function. The wavelet transform Wηf associated with this
particular analyzing wavelet η possesses a stronger property than continuity.
Let C

+ = {z ∈ C : Im(z) > 0} denote the complex upper half-plane. The
Bergman transform of f ∈ L2(R) is the function Gf defined on C

+ by

Gf(b + ai) =
1

2πa
3
2
〈f, 1√

a
η( ·−b

a )〉 =
1

2πa
3
2

〈
f, σ(a, b

a )η
〉

=
1

2πa
3
2
Wηf(a, b

a ).

For each f ∈ L2(R), Gf is an analytic function on C
+, cf. [41, Sec. 2.5], [68,

p. 308]. In particular, if we identify A with C
+ in the obvious way, then since

Qh is a compact neighborhood of i = 0+1i in C
+, we have by [84, Thm. 2.2.3]

that for each h > 0 there exists a constant Kh, independent of f ∈ L2(R),
such that

|Gf(i)| = |Gf(0 + 1i)| ≤ Kh

∫∫

Qh

|Gf(z)| dz. (4.1)

Now let δ > 1 and (p, q), (a, b) ∈ A be given. Set f = σ((p, q)−1 · (a, b))ψ
and choose h > 0 such that he

h
2 = δ. Using (4.1), we compute as follows:

|〈σ(p, q)η, σ(a, b)ψ〉|2

=
∣∣〈η, σ((p, q)−1 · (a, b))ψ

〉∣∣2

= |〈f, σ(1, 0)η〉|2

= (2π)2 |Gf(i)|2

≤ 4π2

(
Kh

∫∫

Qh

|Gf(z)| dz

)2

= 4π2K2
h

(∫∫

Qh

1
2πx

3
2

∣∣〈f, σ(x, y
x )η
〉∣∣ dy dx

)2

= K2
h

⎛

⎝
∫ e

h
2

e− h
2

∫ h
2

−h
2

1
x

3
2

∣∣〈f, σ(x, y
x )η
〉∣∣ dy dx

⎞

⎠
2

= K2
h

⎛

⎝
∫ e

h
2

e− h
2

∫ h
2x

− h
2x

1
x

3
2
|〈f, σ(x, t)η〉| x dt dx

⎞

⎠
2

≤ K2
h

⎛

⎝
∫ e

h
2

e− h
2

∫ h
2 e

h
2

−h
2 e

h
2

1
x

1
2
|〈f, σ(x, t)η〉| dt dx

⎞

⎠
2

≤ K2
h

⎛

⎝
∫ e

h
2

e− h
2

∫ h
2 e

h
2

−h
2 e

h
2

dt dx

⎞

⎠

⎛

⎝
∫∫

Q
he

h
2

|〈f, σ(x, t)η〉|2 dt
dx

x

⎞

⎠

= Cδ

∫∫

Qδ

|〈f, σ(x, t)η〉|2 dµA(x, t)
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= Cδ

∫∫

Qδ

∣∣〈σ((p, q)−1 · (a, b))ψ, σ(x, t)η
〉∣∣2 dµA(x, t)

= Cδ

∫∫

Qδ

∣∣〈ψ, σ((a, b)−1 · (p, q) · (x, t))η
〉∣∣2 dµA(x, t)

= Cδ

∫∫

Qδ((a,b)−1·(p,q))

|〈ψ, σ(x, t)η〉|2 dµA(x, t).

This proves the claim. ��

Now we can give the proof of Theorem 4.2.

Proof (of Theorem 4.2). Assume that functions ψ1, . . . , ψL ∈ L2(R) and
sequences Λ1, . . . , ΛL ⊆ A are given such that D+(

⋃L
�=1 Λ−1

� ) < ∞ and
D−(
⋃L

�=1 Λ�) = 0. Our goal is to show that
⋃L

�=1 W(ψ�, Λ�) does not pos-
sess a lower frame bound.

Employing Proposition 3.4(i) we obtain that we have D+(Λ−1
� ) < ∞ for all

� = 1, . . . , L. Now fix ε > 0, and let η ∈ L2(R) denote the analyzing wavelet
defined in Lemma 4.8. We have Wηψ� ∈ L2(A, dµA), so, since the sets Qh,
h > 0 form a nested, increasing, exhaustive sequence of subsets of A there
must exist some R > 1 such that

∫∫

A\QR

∣∣〈ψ�, σ(x, y)η
〉∣∣2 dµA(x, y) < ε for all � = 1, . . . , L. (4.2)

Fix T > e
R
2 (R+2). Then, since D−(

⋃L
�=1 Λ�) = 0, by Proposition 3.7 and

the definition of disjoint union we can find a point (p, q) ∈ A such that

Λ� ∩ QT (p, q) = ∅ for all � = 1, . . . , L.

Let δ = 2. Then we have e
R
2 (R + δ) < T , and, by Lemma 4.7, we obtain

⋃

(a,b)∈Λ�

Qδ((a, b)−1 · (p, q)) ⊆ A\QR for all � = 1, . . . , L.

Now, since D+(Λ−1
� ) < ∞, we have by Lemma 4.6 that D+(Λ−1

� · (p, q)) <
∞ as well. Therefore, by Proposition 4.5 we can write each Λ� as a finite union
Λ� = Λ�1 ∪ · · · ∪Λ�N�

in such a way that Λ−1
�i · (p, q) is affinely δ-separated for

each i = 1, . . . , N�. Consequently, for each � and i we have
⋃

(a,b)∈Λ�i

Qδ((a, b)−1 · (p, q)) ⊆ A\QR, (4.3)

with the union being disjoint.
Finally, applying Lemma 4.8 and equations (4.2) and (4.3), we compute

that
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L∑

�=1

∑

(a,b)∈Λ�

|〈σ(p, q)η, σ(a, b)ψ�〉|2

≤ Cδ

L∑

�=1

N�∑

i=1

∑

(a,b)∈Λ�i

∫∫

Qδ((a,b)−1·(p,q))

|〈ψ�, σ(x, y)η〉|2 dµA(x, y)

≤ Cδ

L∑

�=1

N�∑

i=1

∫∫

A\QR

|〈ψ�, σ(x, y)η〉|2 dµA(x, y)

≤ Cδ L max
�=1,...,L

{N�} ε.

Since ‖σ(p, q)η‖2 = ‖η‖2 = 1, it follows that
⋃L

�=1 W(ψ�, Λ�) cannot possess
a lower frame bound, which completes the proof. ��

Even in the situation of a single generator, we do not know if the
hypothesis D+(Λ−1) < ∞ in Theorem 4.2 is necessary. Adding the assump-
tion D+(Λ) < ∞ does not resolve this question, since, for example, if Λ is the
sequence associated with the classical affine system, then Λ−1 is the sequence
corresponding to the co-affine system, so for this Λ we have D+(Λ) < ∞
yet D+(Λ−1) = ∞. Further, it is not true that if both D+(Λ) < ∞ and
D+(Λ−1) < ∞ then necessarily D−(Λ) > 0; for example, consider the sequence
Λ = {(aj , bk)}j∈Z,k≥0.

4.3 Examples of Wavelet Systems

In this section we will apply our results derived in the previous two sections
to several types of weighted wavelet systems.

We saw already that the sequence of time-scale indices of classical affine
systems has uniform affine density equal to the constant 1

b ln a (Lemma 3.3).
This is a special case of the following result which proves this property for
any oversampled affine system.

Proposition 4.9. Let a > 1 and b > 0, and define Λ ⊆ A and w : Λ → R
+

by Λ =
{
(aj , bk

rj
)
}

j,k∈Z
and w(aj , bk

rj
) = 1

rj
. Then (Λ,w) has uniform weighted

affine density

D(Λ,w) =
1

b ln a
.

Proof. Fix (x, y) ∈ A. If (aj , bk
rj

) ∈ Qh(x, y), then

(
aj

x , bk
rj

− xy
aj

)
= (x, y)−1 · (aj , bk

rj
) ∈ Qh.

In particular, aj

x ∈ [e−
h
2 , e

h
2 ). There are at least h

ln a and at most h
ln a + 1

integers j satisfying this condition. Additionally, we have xyrj

ajb − hrj

2b ≤ k <
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xyrj

ajb + hrj

2b . For a given j, there are at least hrj

b and at most hrj

b + 1 integers
k satisfying this condition. Taking the weight into account, we conclude that

h

ln a
· 1
rj

· hrj

b
≤ #w(Λ ∩ Qh(x, y)) ≤

(
h

ln a
+ 1
)

1
rj

(
hrj

b
+ 1
)

.

Thus

D+(Λ,w) ≤ lim sup
h→∞

( h
ln a + 1) 1

rj
(hrj

b + 1)

h2
=

1
b ln a

,

and similarly D−(Λ,w) ≥ 1
b ln a . ��

Next we will consider the co-affine systems studied in Gressman, Labate,
Weiss, and Wilson [61]. By employing merely density conditions, we show
that unweighted co-affine systems can possess neither an upper nor a lower
frame bound, thereby rediscovering a result in [61] for these systems in the
case b = 1.

Proposition 4.10. Let a > 1 and b > 0, and define Λ ⊆ A by Λ =
{(aj , bk

aj )}j,k∈Z. Then

D−(Λ) = 0 and D+(Λ) = ∞.

Consequently, for any ψ ∈ L2(R), ψ �= 0, a co-affine system W(ψ,Λ) cannot
possess an upper or a lower frame bound.

Proof. Fix (x, y) ∈ A. If (aj , bk
aj ) ∈ Qh(x, y), then

(
aj

x , bk
aj − xy

aj

)
= (x, y)−1 · (aj , bk

aj ) ∈ Qh.

This requires
2 ln x − h

2 ln a
≤ j <

2 ln x + h

2 ln a

and
2xy − ajh

2b
≤ k <

2xy + ajh

2b
.

As in the proof of Proposition 4.9, terms ±1 are not significant in the limit,
so it suffices to observe that

#(Λ ∩ Qh(x, y)) ≈
� 2 ln x+h

2 ln a �−1∑

j=� 2 ln x−h
2 ln a �

haj

b
.

By changing x, we can make this quantity arbitrarily large or small, which
yields the conclusion D−(Λ) = 0 and D+(Λ) = ∞. Finally, since Λ−1 is
the sequence corresponding to the classical affine system, by Lemma 3.3 we
have D+(Λ−1) = 1/(b ln a) < ∞. The nonexistence of frame bounds therefore
follows from Theorems 4.1 and 4.2. ��
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In Section 5.7 we further show that special weighted co-affine systems do
not exist by again using the notion of affine density.

Finally, we examine systems which consist only of translates or of dilations
of a finite set of functions.

Proposition 4.11. Let ψ1, . . . , ψL ∈ L2(R), let T1, . . . , TL ⊆ R, and let
S1, . . . , SL ⊆ R

+ be given.

(i) {ψ�(x − t)}t∈T�,�=1,...,L is not a frame for L2(R).

(ii) { 1√
s
ψ�(x

s )}s∈S�,�=1,...,L is not a frame for L2(R).

Proof. Note that both of these systems are special cases of irregular wavelet
systems, namely,

{ψ�(x − t)}t∈T�,�=1,...,L =
L⋃

�=1

W(ψ�, {1} × T�)

and

{ 1√
s
ψ�(x

s )}s∈S�,�=1,...,L =
L⋃

�=1

W(ψ�, S� × {0}).

Consider first the case of pure dilations. Note that D−(
⋃L

�=1 S�×{0}) = 0.
If D+({S� × {0}}L

�=1) = D+(
⋃L

�=1 S� × {0}) = ∞ (see Remark 3.2(a) for the
first equality), then

⋃L
�=1 D(ψ�, S�) cannot possess an upper frame bound by

Theorem 4.1.
Suppose on the other hand that D+(

⋃L
�=1 S� × {0}) < ∞. By Proposition

3.4(i), D+(S� ×{0}) < ∞ for � = 1, . . . , L. Fix � ∈ {1, . . . , L}. If (c, 0) ∈ (S� ×
{0})−1∩Qh(x, y), then ( c

x ,−xy
c ) = (x, y)−1 ·(c, 0) ∈ Qh. Hence e−

h
2 ≤ c

x < e
h
2 ,

so −h
2 e−h < − cy

x = −xy
c

c
x

c
x < h

2 eh. Therefore (x
c ,− cy

x ) = ( 1
x , y)−1 · ( 1

c , 0) ∈
Qheh , so ( 1

c , 0) ∈ Qheh( 1
x , y). Thus

sup
(x,y)∈A

#((S� × {0})−1 ∩ Qh(x, y)) ≤ sup
(x,y)∈A

#((S� × {0}) ∩ Qheh(x, y)) < ∞,

so D+((S� × {0})−1) < ∞ for all � = 1, . . . , L by Proposition 3.6. Thus
D+(
⋃L

�=1(S�×{0})−1) < ∞ by Proposition 3.4(i). Consequently, Theorem 4.2
implies that the system

⋃L
�=1 W(ψ�, S� × {0}) cannot possess a lower frame

bound in this case.
The proof for

⋃L
�=1 W(ψ�, {1} × T�) is similar, and was also obtained by

Christensen, Deng, and Heil [22] by using the fact that a system of pure
translations is a Gabor system of the form

⋃L
�=1 G(g�, T� × {0}). ��
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4.4 Density of Sequences in R
+

In this section we will derive a notion of weighted density for multiple weighted
sequences in R

+ adapted to the geometry of the multiplicative group R
+ in

the spirit of the definition of Beurling density on Euclidean space and affine
density on the affine group. This notion will be employed in the next section
as well as also in Chapter 5. Notice that throughout, although S will always
denote a sequence of points in R

+ and not merely a subset, for simplicity we
will write S ⊆ R

+.
We consider a fixed increasing family of neighborhoods of the identity

element 1 in R
+. For simplicity of computation, we will take

{[e−h
2 , e

h
2 )}h>0.

Let µR+ = dx
x denote the Haar measure on R

+. Since µR+ is invariant under
multiplication, we have that

µR+(x[e−
h
2 , e

h
2 )) = µR+([e−

h
2 , e

h
2 )) =

∫ e
h
2

e− h
2

dx

x
= h.

Then the upper and lower densities of some multiple weighted sequence
{(S�, w�)}L

�=1 in R
+ are defined as follows. Notice that we use the same

notion as for the density of sequences in A. The type of density is then always
completely determined by the sequence to which it is applied.

Definition 4.12. Given S1, . . . , SL ⊆ R
+ with associated weight functions

w� : S� → R
+ for � = 1, . . . , L. Then the upper weighted density of

{(S�, w�)}L
�=1 is defined by

D+({(S�, w�)}L
�=1) = lim sup

h→∞
sup

x∈R+

∑L
�=1 #w�

(S� ∩ x[e−
h
2 , e

h
2 ))

h
,

and the lower weighted density of {(S�, w�)}L
�=1 is

D−({(S�, w�)}L
�=1) = lim inf

h→∞
inf

x∈R+

∑L
�=1 #w�

(S� ∩ x[e−
h
2 , e

h
2 ))

h
.

If D−({(S�, w�)}L
�=1) = D+({(S�, w�)}L

�=1), then {(S�, w�)}L
�=1 has uniform

density, which is denoted by D({(S�, w�)}L
�=1).

We first make the following basic observations.

Remark 4.13. (a) Let S1, . . . , SL ⊆ R
+ be given. Then, using the disjoint union

S =
⋃L

�=1 S� of the sequences S1, . . . , SL, we obtain the following simpler form:

D+({S�}L
�=1) = D+(S) and D−({S�}L

�=1) = D−(S).
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(b) Let S1, . . . , SL ⊆ R
+ with associated weight functions w� : S� → R

+

for � = 1, . . . , L be given. Then

L∑

�=1

D−(S�, w�) ≤ D−({(S�, w�)}L
�=1) ≤ D+({(S�, w�)}L

�=1) ≤
L∑

�=1

D+(S�, w�).

The following result shows that this density is robust against perturbations
of the sequence of scale indices.

Lemma 4.14. Let S ⊆ R
+, w : S → R

+, and ε > 0. For each S̃ = {sδs :
s ∈ S, δs ∈ [e−

ε
2 , e

ε
2 ]} equipped with a weight function v : S̃ → R

+ defined by
v(sδs) = w(s), we have D−(S,w) = D−(S̃, v) and D+(S,w) = D+(S̃, v).

Proof. For h > 0 and x ∈ R
+, we obtain the following estimates for #w(S ∩

x[e−
h
2 , e

h
2 )):

#v(S̃ ∩ x[e−
h−ε

2 , e
h−ε

2 )) ≤ #w(S ∩ x[e−
h
2 , e

h
2 )) ≤ #v(S̃ ∩ x[e−

h+ε
2 , e

h+ε
2 )).

Dividing the terms by h, and observing that

lim sup
h→∞

supx∈R+ #v(S̃ ∩ x[e−
h−ε

2 , e
h−ε

2 ))
h

= D+(S̃, v)

= lim sup
h→∞

supx∈R+ #v(S̃ ∩ x[e−
h+ε
2 , e

h+ε
2 ))

h
,

proves D+(S,w) = D+(S̃, v).
The claim concerning the lower density can be treated similarly. ��

Next we obtain a useful reinterpretation of finite upper density of a single
weighted sequence (compare also Proposition 3.6).

Proposition 4.15. Let S ⊆ R
+ with weight function w : S → R

+ be given.
Then the following conditions are equivalent.

(i) D+(S,w) < ∞.
(ii) There exists an interval I ⊆ R

+ with 0 < µR+(I) < ∞ such that
supx∈R+ #w(S ∩ xI) < ∞.

(iii) For every interval I ⊆ R
+ with 0 < µR+(I) < ∞, we have supx∈R+ #w(S∩

xI) < ∞.

Proof. (i) ⇒ (ii) and (iii) ⇒ (ii) are trivial.

(ii) ⇒ (i), (iii). Suppose there exists an interval I ⊆ R
+ with 0 < µR+(I) <

∞ and some constant N < ∞ with #w(S ∩ xI) < N for all x ∈ R
+. Let J

be another interval in R
+ with 0 < µR+(J) < ∞. If there exists y ∈ R

+ with
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yJ ⊆ I, then #w(S ∩ xJ) < N for all x ∈ R
+. On the other hand, if there

exists y ∈ R
+ with yI ⊆ J , then µR+(J) = rµR+(I) for some r ≥ 1, and J is

covered by a union of at most r + 1 sets of the form xI. Consequently,

sup
x∈R+

#w(S ∩ xJ) ≤ (r + 1) sup
x∈R+

#w(S ∩ xI) ≤ (r + 1)N.

Thus statement (iii) holds. Further,

D+(S) ≤ lim sup
r→∞

supx∈R+ #w(S ∩ xJ)
rµR+(I)

≤ lim sup
r→∞

(r + 1)N
rµR+(I)

=
N

µR+(I)
< ∞,

so statement (i) holds as well. ��

The following result for the lower density follows in a similar way.

Proposition 4.16. Let S ⊆ R
+ with weight function w : S → R

+ be given.
Then the following conditions are equivalent.

(i) D−(S,w) > 0.
(ii) There exists an interval I ⊆ R

+ with 0 < µR+(I) < ∞ such that
infx∈R+ #w(S ∩ xI) > 0.

The next result compares qualitative statements about the upper density
of a collection of weighted sequences in R

+ with the upper density of the
single weighted sequences.

Proposition 4.17. Let S1, . . . , SL ⊆ R
+ with associated weight functions

w� : S� → R
+ for � = 1, . . . , L be given. Then the following conditions are

equivalent.

(i) We have D+({(S�, w�)}L
�=1) < ∞.

(ii) For all � = 1, . . . , L, we have D+(S�, w�) < ∞.

Proof. First assume that D+({(S�, w�)}L
�=1) < ∞ and fix some � ∈ {1, . . . , L}.

By definition, there exist h > 0 and N < ∞ such that #w�
(S�∩x[e−

h
2 , e

h
2 )) <

N for all x ∈ R
+. By Proposition 4.15, this implies D+(S�, w�) < ∞, which

yields condition (ii).
Conversely, if D+(S�, w�) < ∞ for all � = 1, . . . , L, then, by Remark

4.13(b),

D+({(S�, w�)}L
�=1) ≤

L∑

�=1

D+(S�, w�) < ∞,

hence (i) is satisfied. ��
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4.5 Affine Density and the Local Integrability Condition

In this section we focus on weighted wavelet systems with finitely many gen-
erators of the form

L⋃

�=1

W(ψ�, S� × b�Z, (w�, 1)) =
L⋃

�=1

{
√

w�(s)
s ψ�(x

s − b�k) : s ∈ S�, k ∈ Z}, (4.4)

where S1, . . . , SL ⊆ R
+ are finitely many sequences of arbitrary dilations with

associated weight functions w� : S� → R
+ for � = 1, . . . , L, b1, . . . , bL > 0, and

ψ1, . . . , ψL ∈ L2(R) are analyzing wavelets. In [77] (compare also Guo and
Labate [69] for a correction and some improvements in the situation of classi-
cal affine systems in higher dimensions) Hernández, Labate, and Weiss gave a
characterization of when a system of the form (4.4) constitutes a Parseval
frame for L2(R), assuming that this system satisfies a certain hypothesis
known as the local integrability condition, which is defined as follows.

Definition 4.18. A system of the form (4.4) satisfies the local integrability
condition (LIC), if for all f ∈ L2(R) with f̂ ∈ L∞(R) and suppf̂ being
compact in R\{0},

I(f) =
L∑

�=1

1
b�

∑

s∈S�

w�(s)
∑

m∈Z

∫

suppf̂

|f̂(ξ + m
sb�

)|2|ψ̂�(sξ)|2 dξ < ∞.

We will show that, under some mild regularity assumption on the ana-
lyzing wavelets, this rather technical-appearing hypothesis is solely a density
condition on the sequence of scale indices. More precisely, in Section 4.5.2 it
will be proven that the LIC is equivalent to the condition that the sequences
of scale indices possess a finite upper weighted density. This condition is very
natural, since every wavelet frame of the form (4.4) must have finite upper
weighted density as we saw in Section 4.1. Using this new interpretation of the
LIC, in Section 4.5.3 we derive a characterization of wavelet Parseval frames
with finitely many generators and with arbitrary dilations provided that the
sequences of scale indices possess a finite upper weighted density and the
analyzing wavelets belong to an amalgam space which are shown to be very
natural hypotheses.

4.5.1 Amalgam Spaces on R \ {0}

We refer the reader to Section 2.4 for the required notation and a brief
overview of the general theory of amalgam spaces. For our purposes, we will
need only the following particular amalgam space on the group R

∗, where
R

∗ = R\{0}. The backbone of our definition of the discrete-type norm of
this amalgam space is the choice of a collection of subsets of R

∗. For each
h > 0, we let Kh := (−e

h
2 ,−e−

h
2 ] ∪ [e−

h
2 , e

h
2 ), and we will use the notation
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Kh(x) = xKh for x ∈ R
∗. It is easily checked that {K1(ek)}k∈Z provides us

with a tiling of R
∗. Using this particular tiling we can define the amalgam

space WR∗(L∞, L2) on the group R
∗ as follows.

Definition 4.19. A function f : R → C belongs to the amalgam space
WR∗(L∞, L2) if

‖f‖WR∗ (L∞,L2) =

(
∑

k∈Z

ess supx∈K1(ek)|f(x)|2
) 1

2

< ∞.

Remark 4.20. We remark that this norm is indeed an equivalent discrete-
type norm for the amalgam space WR∗(L∞, L2) defined by Definition 2.8.
Let φ : R → R be a continuous function with 0 ≤ φ(x) ≤ 1 for all
x ∈ R satisfying that supp(φ) ⊆ K2, φ|K1 ≡ 1, and

∑
k∈Z

φ(ek ·) ≡ 1
(this can always be achieved by normalization). Then {φ(ek·)}k∈Z forms a
BUPU, since {ek}k∈Z is K2-dense and relatively separated. Moreover, the

norm defined by ‖f‖ =
(∑

k∈Z
ess supx∈R

|f(x)φ(ekx)|2
) 1

2 is equivalent to
‖·‖WR∗ (L∞,L2), since ‖·‖2

WR∗ (L∞,L2) ≤ ‖·‖2 ≤ 3 ‖·‖2
WR∗ (L∞,L2) due to the fact

that K2(ek) ⊆ K1(ek−1)∪K1(ek)∪K1(ek+1) for all k ∈ Z. Applying Theorem
2.10 now proves the claim.

The following lemma shows that the consideration of analyzing wavelets
whose Fourier transform is contained in this amalgam space is by no means
restrictive, and is even natural. Specifically, a mild decay condition on ψ̂
suffices to ensure that ψ̂ ∈ WR∗(L∞, L2).

Lemma 4.21. Let ψ ∈ L1(R) ∩ L2(R). Suppose that there exist a, b, α, β > 0
such that |ψ̂(ξ)| ≤ a|ξ|α as |ξ| → 0 and |ψ̂(ξ)| ≤ b|ξ|−β as |ξ| → ∞. Then
ψ̂ ∈ WR∗(L∞, L2).

Proof. Let 0 < ω ≤ Ω < ∞ be such that |ψ̂(ξ)| ≤ a|ξ|α for all |ξ| ≤ ω and
|ψ̂(ξ)| ≤ b|ξ|−β for all |ξ| ≥ Ω. Since ψ ∈ L1(R), hence ψ̂ ∈ C(R), there exists
M < ∞ such that |ψ̂(ξ)| ≤ M for all |ξ| ∈ [e−1ω, eΩ]. Then,

‖ψ̂‖2
WR∗ (L∞,L2)

=
∑

k∈Z

sup
ξ∈K1(ek)

|ψ̂(ξ)|2

≤

ln ω− 1

2 �∑

k=−∞
sup

ξ∈K1(ek)

|ψ̂(ξ)|2 +

ln Ω+ 1

2 �∑

k=�ln ω− 1
2 �

sup
ξ∈K1(ek)

|ψ̂(ξ)|2

+
∞∑

k=�ln Ω+ 1
2 �

sup
ξ∈K1(ek)

|ψ̂(ξ)|2
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≤ a2


ln ω− 1
2 �∑

k=−∞
(ek+ 1

2 )2α + (lnΩ − ln ω + 2)M2 + b2
∞∑

k=�ln Ω+ 1
2 �

(ek− 1
2 )−2β

< ∞,

which proves the claim. ��

Let ψ ∈ L1(R) ∩ L2
A(R). Then it follows that ψ̂(0) = 0. If, in addition,

the analyzing wavelet ψ possesses a Fourier transform with polynomial decay
towards zero and infinity, then ψ̂ is contained in WR∗(L∞, L2).

4.5.2 A Density Version of the Local Integrability Condition

Now we turn to the interpretation of the LIC (see Definition 4.18) in terms
of the density of the sequences of scale indices. Our main result gives an
equivalent formulation of the LIC in terms of density conditions.

Theorem 4.22. Let S1, . . . , SL ⊆ R
+ with associated weight functions w� :

S� → R
+ for � = 1, . . . , L be given, and let b1 . . . , bL > 0. Then the following

conditions are equivalent.

(i) We have D+({(S�, w�)}L
�=1) < ∞.

(ii) For all ψ1, . . . , ψL ∈ L2(R) with ψ̂1, . . . , ψ̂L ∈ WR∗(L∞, L2), the wavelet
system

⋃L
�=1 W(ψ�, S� × b�Z, (w�, 1)) satisfies the LIC.

We will break its proof into several parts to improve clarity. First we derive
an easy equivalent formulation of the LIC better suited to our purposes.

Lemma 4.23. Let S1, . . . , SL ⊆ R
+ with associated weight functions w� :

S� → R
+ for � = 1, . . . , L be given, and let b1 . . . , bL > 0 and ψ1, . . . , ψL ∈

L2(R). Then the following conditions are equivalent.

(i) The system
⋃L

�=1 W(ψ�, S� × b�Z, (w�, 1)) satisfies the LIC.
(ii) For all � = 1, . . . , L and h > 0,

I�(h) =
1
b�

∑

s∈S�

w�(s)
s

∑

m∈Z

∫

Kh(s)∩(Kh(s)− m
b�

)

|ψ̂�(ξ)|2 dξ < ∞.

Proof. (i) ⇒ (ii). Let I(f) be defined as in Definition 4.18. Suppose that (i)
holds, i.e., I(f) < ∞ for all f ∈ L2(R) such that f̂ ∈ L∞(R) and suppf̂ is
compact in R\{0}. Then choosing f ∈ L2(R) with f̂ = χKh

and observing
that each of the terms I�, � = 1, . . . , L, is positive, implies (ii).

(ii) ⇒ (i). For � = 1, . . . , L and h > 0, we first notice that

I�(h) =
1
b�

∑

s∈S�

w�(s)
∑

m∈Z

∫

Kh

χKh
(ξ + m

sb�
) |ψ̂�(sξ)|2 dξ. (4.5)
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Now let f ∈ L2(R) be such that f̂ ∈ L∞(R) and suppf̂ is compact in R\{0}.
Then there exists M < ∞ and a compact set K ⊆ R\{0} such that |f̂(ξ)| ≤
MχK(ξ) for almost every ξ ∈ R. Since {Kh}h>0 is an exhaustive sequence
of compact sets in R\{0}, there exists h > 0 such that K ⊆ Kh. By (ii) and
(4.5), this yields

I(f) =
L∑

�=1

1
b�

∑

s∈S�

w�(s)
∑

m∈Z

∫

suppf̂

|f̂(ξ + m
sb�

)|2 |ψ̂�(sξ)|2 dξ

≤ M2
L∑

�=1

1
b�

∑

s∈S�

w�(s)
∑

m∈Z

∫

K

χK(ξ + m
sb�

) |ψ̂�(sξ)|2 dξ

≤ M2
L∑

�=1

I�(h) < ∞.

Thus (i) is satisfied. ��
The following lemma establishes a relation between density, the Wiener

amalgam space WR∗(L∞, L2), and a Littlewood–Paley type inequality.

Lemma 4.24. Let S ⊆ R
+ with associated weight function w : S → R

+ be
given with D+(S,w) < ∞. Further let ψ ∈ L2(R) satisfy ψ̂ ∈ WR∗(L∞, L2).
Then there exists B < ∞ such that

∑

s∈S

w(s)|ψ̂(sξ)|2 ≤ B for a.e. ξ ∈ R.

Proof. For each k ∈ Z, set ck = ess supξ∈K1(ek)|ψ̂(ξ)|2. Then we have

|ψ̂(ξ)|2 ≤
∑

k∈Z

ckχK1(ek)(ξ) for a.e. ξ ∈ R (4.6)

and ∑

k∈Z

ck = ‖ψ̂‖2
WR∗ (L∞,L2). (4.7)

Since S ⊆ R
+, equation (4.6) yields

ess supξ∈R∗

∑

s∈S

w(s)|ψ̂(sξ)|2 ≤ sup
ξ∈R∗

∑

s∈S

w(s)
∑

k∈Z

ck χK1(ek)(sξ)

≤
∑

k∈Z

ck sup
ξ∈R∗

∑

s∈S

w(s)χK1(ξ−1ek)(s)

=
∑

k∈Z

ck sup
ξ∈R∗

∑

s∈S

w(s)χK1(ξ)(s)

=
∑

k∈Z

ck sup
ξ∈R+

#w(S ∩ ξ[e−
1
2 , e

1
2 )).

Since ψ̂ ∈ WR∗(L∞, L2) and D+(S,w) < ∞, the last quantity is a finite
constant by equation (4.7) and Proposition 4.15. ��
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In the following lemma, by using a sequence in R
+, we explicitly construct

functions whose Fourier transforms are contained in WR∗(L∞, L2).

Lemma 4.25. Let {yn}n∈N ⊆ R
+ be such that the sets yn[e−

1
2 , e

1
2 ), n ∈ N,

are mutually disjoint.

(i) Suppose that yn → 0 as n → ∞. Then the function ψ ∈ L2(R) defined by

ψ̂ =
∑

n∈N

1
n

χ
yn[e− 1

2 ,e
1
2 )

satisfies ψ̂ ∈ WR∗(L∞, L2).
(ii) Suppose that yn → ∞ as n → ∞. Then the function ψ ∈ L2(R) defined

by

ψ̂ =
∑

n∈N

1
n
√

yn
χ

yn[e− 1
2 ,e

1
2 )

satisfies ψ̂ ∈ WR∗(L∞, L2).

Proof. (i) Suppose that yn → 0 as n → ∞. It is easy to check that ψ̂ ∈ L2(R),
hence ψ ∈ L2(R). We next observe that for each k ∈ Z and x ∈ R

+, we have
ek[e−

1
2 , e

1
2 ) ∩ x[e−

1
2 , e

1
2 ) �= ∅ if and only if lnx − 1 ≤ k ≤ ln x + 1. Therefore

we obtain
∑

k∈Z

sup
ξ∈K1(ek)

|ψ̂(ξ)|2 ≤
∑

n∈N

1
n2

∑

k∈Z

sup
ξ∈ek[e− 1

2 ,e
1
2 )

χ
yn[e− 1

2 ,e
1
2 )

(ξ)

=
∑

n∈N

1
n2

#{k ∈ Z : ek[e−
1
2 , e

1
2 ) ∩ yn[e−

1
2 , e

1
2 ) �= ∅}

≤ 3
∑

n∈N

1
n2

< ∞,

hence ψ̂ ∈ WR∗(L∞, L2).

(ii) Now suppose that yn → ∞ as n → ∞. The slightly different definition
of ψ ensures that also in this case ψ̂ ∈ L2(R), hence ψ ∈ L2(R). Then ψ̂ ∈
WR∗(L∞, L2) can be proven in a similar way as in part (i). ��

Now we are prepared to prove Theorem 4.22.

Proof (of Theorem 4.22). (i) ⇒ (ii). We suppose that D+({(S�, w�)}L
�=1) < ∞,

which by Proposition 4.17 implies that D+(S�, w�) < ∞ for all � = 1, . . . , L.
For arbitrary functions ψ1, . . . , ψL ∈ L2(R) with ψ̂1, . . . , ψ̂L ∈ WR∗(L∞, L2),
we have to show that

⋃L
�=1 W(ψ�, S� × b�Z, (w�, 1)) satisfies the LIC. As

observed in Lemma 4.23, it suffices to prove that

I�(h) =
1
b�

∑

s∈S�

w�(s)
s

∑

m∈Z

∫

Kh(s)∩(Kh(s)− m
b�

)

|ψ̂�(ξ)|2 dξ < ∞, (4.8)
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for all � = 1, . . . , L and h > 0. For this, fix h > 0, ψ ∈ L2(R) with ψ̂ ∈
WR∗(L∞, L2), and consider some � ∈ {1, . . . , L}. For the sake of brevity, we
set I(h) = I�(h), S = S�, w = w�, and b = b�. We decompose I(h) by

I(h) = I1(h) + I2(h),

where

I1(h) =
1
b

∑

s∈S

w(s)
s

∫

Kh(s)

|ψ̂(ξ)|2 dξ

and

I2(h) =
1
b

∑

s∈S

w(s)
s

∑

m∈Z\{0}

∫

Kh(s)∩(Kh(s)−m
b )

|ψ̂(ξ)|2 dξ.

First, we study I1(h). By Lemma 4.24, there exists some B < ∞ such that
∑

s∈S

w(s)|ψ̂(sξ)|2 ≤ B for a.e. ξ ∈ R.

Therefore,

I1(h) =
1
b

∑

s∈S

w(s)
s

∫

Kh(s)

|ψ̂(ξ)|2 dξ

=
1
b

∫

Kh

∑

s∈S

w(s)|ψ̂(sξ)|2 dξ ≤ 1
b
B|Kh| < ∞. (4.9)

Secondly, we show that I2(h) is finite. Let s ∈ S be fixed. We observe that
if s[e−

h
2 , e

h
2 ) ∩ (s[e−

h
2 , e

h
2 ) − m

b ) �= ∅, then

se−
h
2 ≤ se

h
2 − m

b and se
h
2 ≥ se−

h
2 − m

b .

This is equivalent to

−sb(e
h
2 − e−

h
2 ) ≤ m ≤ sb(e

h
2 − e−

h
2 ).

By the choice of Kh(s), for each s ∈ S there exist at most 3(2sb(e
h
2 −e−

h
2 )+1)

integers m such that Kh(s)∩(Kh(s)− m
b ) �= ∅. Recall that in this case we only

consider m ∈ Z\{0}. Therefore there exists ε > 0 such that Kh(s)∩ (Kh(s)−
m
b ) = ∅ for all s ∈ S with s < ε and m ∈ Z\{0}. This shows that we only
need to consider those s ∈ S with s ≥ ε. Then there exists a C < ∞ such that

3(2sb(e
h
2 − e−

h
2 ) + 1) ≤ Cs(e

h
2 − e−

h
2 ) for all s ∈ S, s ≥ ε.

Using these observations, we obtain

I2(h) ≤ 1
b

∑

s∈S

w(s)
s

Cs(e
h
2 − e−

h
2 )
∫

Kh(s)

|ψ̂(ξ)|2 dξ

=
C

b
(e

h
2 − e−

h
2 )
∑

s∈S

w(s)
∫

Kh(s)

|ψ̂(ξ)|2 dξ. (4.10)



54 4 Qualitative Density Conditions

It follows easily from D+(S,w) < ∞ that there exists an N < ∞ such that

#w{s ∈ S : x ∈ Kh(s)} ≤ N for all x ∈ R.

Continuing equation (4.10), we obtain

I2(h) ≤ C

b
(e

h
2 − e−

h
2 )
∑

s∈S

w(s)
∫

Kh(s)

|ψ̂(ξ)|2 dξ ≤ C

b
(e

h
2 − e−

h
2 )N ‖ψ̂‖2

2 < ∞.

(4.11)
Combining the estimates (4.9) and (4.11) yields (4.8). Thus (ii) holds.

(ii) ⇒ (i). Suppose that (ii) holds. Towards a contradiction assume that we
have D+({(S�, w�)}L

�=1) = ∞. By Proposition 4.17, there exists �0 ∈ {1, . . . , L}
such that D+(S�0 , w�0) = ∞. Thus, by Lemma 4.23, to obtain a contradiction
it suffices to show that there exists ψ ∈ L2(R) with ψ̂ ∈ WR∗(L∞, L2) such
that for some h > 0,

I�0(h) =
1

b�0

∑

s∈S�0

w�0(s)
s

∑

m∈Z

∫

Kh(s)∩(Kh(s)− m
b�0

)

|ψ̂(ξ)|2 dξ = ∞. (4.12)

To simplify notation we set I(h) = I�0(h), S = S�0 , w = w�0 , and b =
b�0 . Proposition 4.15 implies the existence of sequences {yn}n∈N ⊆ R

+ and
{Sn}n∈N with Sn ⊆ S satisfying that #w(Sn) ≥ n and Sn ⊆ yn[e−

1
2 , e

1
2 ).

If there exists y ∈ R
+ and h > 0 with #w(S ∩ y[e−

h
2 , e

h
2 )) = ∞, then

choosing ψ ∈ L2(R) by ψ̂ = χ
y[e− h

2 ,e
h
2 )Kh

∈ WR∗(L∞, L2) yields

I(h) =
1
b

∑

s∈S

w(s)
s

∑

m∈Z

∫

Kh(s)∩(Kh(s)−m
b )

|ψ̂(ξ)|2 dξ

≥ 1
b

∑

s∈S∩y[e− h
2 ,e

h
2 )

w(s)
s

∫

Kh(s)

χ
y[e− h

2 ,e
h
2 )Kh

(ξ) dξ

=
1
b

∑

s∈S∩y[e− h
2 ,e

h
2 )

w(s)
s

s |Kh| = ∞.

This settles (4.12) for the chosen h.
Otherwise we remark that, by restricting {yn}n∈N to a subsequence if

necessary, we have either yn → 0 or yn → ∞ as n → ∞. Moreover, without
loss of generality we may assume that the sets yn[e−

1
2 , e

1
2 ), n ∈ N, are mutually

disjoint by choosing again an appropriate subsequence if necessary.
First assume that yn → 0 as n → ∞. Then we define the function ψ ∈

L2(R) by

ψ̂ =
∑

n∈N

1
n

χ
yn[e− 1

2 ,e
1
2 )

.

Lemma 4.25(i) implies that ψ̂ ∈ WR∗(L∞, L2). Choosing h = 2, we obtain
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I(2) =
1
b

∑

s∈S

w(s)
s

∑

m∈Z

∫

K2(s)∩(K2(s)−m
b )

∑

n∈N

1
n2

χ
yn[e− 1

2 ,e
1
2 )

(ξ) dξ

≥ 1
b

∑

n∈N

1
n2

∑

s∈Sn

w(s)
s

∑

m∈Z

|s[e−1, e) ∩ (s[e−1, e) − m
b )

∩yn[e−
1
2 , e

1
2 )|. (4.13)

Since Sn ⊆ yn[e−
1
2 , e

1
2 ), it follows that for each s ∈ Sn,

yn[e−
1
2 , e

1
2 ) = [yne−

1
2 , yne

1
2 ) ⊆ [se−

1
2 e−

1
2 , se

1
2 e

1
2 ) = s[e−1, e). (4.14)

This implies that yn

s [e−
1
2 , e

1
2 ) ⊆ [e−1, e), and hence an easy computation

shows that yn

s ∈ [e−
1
2 , e

1
2 ). Thus

|[e−1, e) ∩ yn

s [e−
1
2 , e

1
2 )| ≥ 1 − e−1 for all n ∈ N, s ∈ Sn. (4.15)

Therefore, employing (4.14) and (4.15), we can continue the computation in
(4.13) to obtain

I(2) ≥ 1
b

∑

n∈N

1
n2

∑

s∈Sn

w(s)
s

∑

m∈Z

|s[e−1, e) ∩ (s[e−1, e) − m
b ) ∩ yn[e−

1
2 , e

1
2 )|

≥ 1
b

∑

n∈N

1
n2

∑

s∈Sn

w(s)
s

|s[e−1, e) ∩ yn[e−
1
2 , e

1
2 )|

=
1
b

∑

n∈N

1
n2

∑

s∈Sn

w(s)|[e−1, e) ∩ yn

s [e−
1
2 , e

1
2 )|

≥ 1 − e−1

b

∑

n∈N

1
n

= ∞.

This settles (4.12) for h = 2.
Secondly, assume that yn → ∞ as n → ∞. In this case we define ψ ∈ L2(R)

by

ψ̂ =
∑

n∈N

1
n
√

yn
χ

yn[e− 1
2 ,e

1
2 )

.

Lemma 4.25(ii) implies that ψ̂ ∈ WR∗(L∞, L2). We further observe that

s[e−1, e) ⊆ s[e−2, e2) − m
b (4.16)

if and only if −sb(e−1 − e−2) ≤ m ≤ sb(e2 − e). Thus there exist at least
sb(e2 − e + e−1 − e−2) = sbC ′ values of m for which (4.16) is true. Choosing
h = 4 and using (4.14) yields

I(4) ≥ 1
b

∑

n∈N

1
n2yn

∑

s∈Sn

w(s)
s

∑

m∈Z

|s[e−2, e2) ∩ (s[e−2, e2) − m
b ) ∩ yn[e−

1
2 , e

1
2 )|
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≥ 1
b

∑

n∈N

1
n2yn

∑

s∈Sn

w(s)
s

sbC ′|yn[e−
1
2 , e

1
2 )|

= C ′(e
1
2 − e−

1
2 )
∑

n∈N

1
n2

∑

s∈Sn

w(s)

≥ C ′(e
1
2 − e−

1
2 )
∑

n∈N

1
n

= ∞.

This settles (4.12) for h = 4.
Hence (ii) is not satisfied, a contradiction. ��

4.5.3 A Characterization of Wavelet Parseval Frames

The equivalent formulation of the LIC in terms of density conditions yields
the following characterization result for weighted wavelet Parseval frames with
finitely many generators and with arbitrary sequences of scale indices.

Theorem 4.26. Let S1, . . . , SL ⊆ R
+ with associated weight functions w� :

S� → R
+ for � = 1, . . . , L be given. Suppose that D+({(S�, w�)}L

�=1) < ∞.
Then for all ψ1, . . . , ψL ∈ L2(R) with ψ̂1, . . . , ψ̂L ∈ WR∗(L∞, L2) and
b1, . . . , bL > 0, the following conditions are equivalent.

(i)
⋃L

�=1 W(ψ�, S� × b�Z, (w�, 1)) is a Parseval frame for L2(R).

(ii) For each α ∈
⋃L

�=1

⋃
s∈S�

1
b�sZ, where Pα = {(�, s) ∈ {1, . . . , L} × S� :

b�sα ∈ Z}, we have

∑

(�,s)∈Pα

w�(s)
b�

ψ̂�(sξ)ψ̂�(s(ξ + α)) = δα,0 for a.e. ξ ∈ R.

Proof. The claim follows immediately from Theorem 4.22 and [77, Thm. 2.1].
��

At last, we show that the hypothesis of finite upper weighted density is
not at all restrictive.

Proposition 4.27. Let S1, . . . , SL ⊆ R
+ with associated weight functions

w� : S� → R
+ for � = 1, . . . , L be given, and let b1, . . . , bL > 0 and

ψ1, . . . , ψL ∈ L2(R). Then Theorem 4.26(i) implies D+({(S�, w�)}L
�=1) < ∞,

and if, in addition, ψ1, . . . , ψL ∈ L1(R), then also Theorem 4.26(ii) implies
D+({(S�, w�)}L

�=1) < ∞.

Proof. First suppose Theorem 4.26(i) holds, i.e.,
⋃L

�=1 W(ψ�, S�×b�Z, (w�, 1))
is a Parseval frame for L2(R). Then, in particular, for each � = 1, . . . , L, the
wavelet system W(ψ�, S� × b�Z, (w�, 1)) is a Bessel sequence, i.e., it possesses
an upper frame bound. Now Theorem 4.1 implies that D+(S�×b�Z, (w�, 1)) <
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∞ for all � = 1, . . . , L. A simple computation shows that this implies
D+(S�, w�) < ∞ for all � = 1, . . . , L. The application of Proposition 4.17
then proves the first claim.

Secondly, suppose that ψ1, . . . , ψL ∈ L1(R) ∩ L2(R) and Theorem 4.26(ii)
holds. Notice that P0 = {(�, s) ∈ {1, . . . , L} × S�}. Hence in the special case
α = 0, we obtain

L∑

�=1

1
b�

∑

s∈S�

w�(s)|ψ̂�(sξ)|2 = 1 for all ξ ∈ R. (4.17)

Towards a contradiction assume that there exists �0 ∈ {1, . . . , L} with
D+(S�0 , w�0) = ∞. Since ψ̂�0 is continuous, there exists some interval I ⊆ R

+

with 0 < µR+(I) < ∞ such that |ψ̂�0(ξ)|2 ≥ δ > 0 for all ξ ∈ I.
Applying Proposition 4.15, for each n ∈ N, there exists some yn ∈ R with
#w�0

(S�0 ∩ ynI) ≥ n. Hence, for all n ∈ N,

∑

s∈S�0

w�0(s)|ψ̂�0(sy
−1
n )|2 ≥

∑

s∈S�0∩ynI

w�0(s)|ψ̂�0(sy
−1
n )|2 ≥ δ n,

a contradiction to (4.17). Thus D+(S�, w�) < ∞ for all � = 1, . . . , L. Proposi-
tion 4.17 then settles the claim. ��



5

Quantitative Density Conditions

In this chapter we study weighted irregular wavelet frames with finitely many
generators. We derive a fundamental relationship between the affine weighted
density, the frame bounds, and the admissibility constants for the analyzing
wavelets.

Then several applications of this result are discussed. In particular, we
derive that the affine density of a tight wavelet frame necessarily has to be
uniform. Further, our results reveal one reason why there does not exist a
Nyquist phenomenon for wavelet systems. We also study the extent to which
affine density conditions can serve as sufficient conditions for the existence
of wavelet frames thereby presenting a situation, where this indeed can be
achieved. Finally, we use the fundamental relationship to prove that certain
weighted co-affine systems can never form a frame.

The main results in this chapter, except the application to co-affine
systems, generalize the results obtained in Kutyniok [95] to multiple gen-
erators. This chapter also contains a generalization of one result in Heil and
Kutyniok [74].

5.1 Outline and Comparison with Previous Work

Provided that an analyzing wavelet ψ ∈ L2(R) gives rise to a classical affine
frame {a−j/2ψ(a−jx − bk)}j,k∈Z with parameters a > 1, b > 0 and with
frame bounds A, B, a result by Chui and Shi [33] and by Daubechies [41]
establishes the following intriguing relationship between the parameters, the
frame bounds, and the admissibility constant Cψ:

A ≤ 1
2b ln a

Cψ ≤ B. (5.1)

In particular, this leads to the exact value of the frame bound for tight classical
affine frames in terms of the parameters and the admissibility constant.
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In this chapter our driving motivation is to derive necessary and suffi-
cient density conditions not merely on the sequence of time-scale indices for
irregular wavelet frames, but also involving the explicit values of the frame
bounds, in this sense quantitative density conditions. For our study we will
focus on weighted irregular wavelet systems with respect to the weighted
sequences of scale-time indices (S� × T�, (w�, v�)), where S1, . . . , SL ⊆ R

+

are arbitrary sequences of scale indices equipped with weights w� : S� → R
+

for � = 1, . . . , L and T1, . . . , TL ⊆ R are arbitrary sequences of time indices
equipped with weights v� : T� → R

+ for � = 1, . . . , L, and finitely many
wavelets ψ1, . . . , ψL ∈ L2

A(R). That means we consider wavelet systems of
the form

⋃L
�=1 W(ψ�, S� × T�, (w�, v�)). In Section 5.3 we derive a very gen-

eral relation between the weighted affine density, the frame bounds, and the
admissibility constants for the analyzing wavelets (Theorem 5.6). This result
can indeed be shown to contain (5.1) as a special case.

The proof of Theorem 5.6 requires several preliminary results, each of
which is very interesting in its own right. We first show that wavelet frames of
the form

⋃L
�=1 W(ψ�, S�×T�, (w�, v�)) impose a Littlewood–Paley type relation

on the sequences of scale indices and on the analyzing wavelets (Proposition
5.3), thereby generalizing a result by Yang and Zhou [127] to weighted wavelet
systems with finitely many generators. These Littlewood–Paley type inequal-
ities can be related to density conditions on the associated sequence and a
constant depending on the involved function comparable with the admissi-
bility constant (Proposition 5.4). In Theorem 5.5 we further derive a new
relationship between the density, the frame bounds, and the norms of the
generators of a frame of weighted exponentials, which contains a result from
Heil and Kutyniok [74] as a special case. These results then serve as the main
ingredients in the proof of Theorem 5.6. This main result implies that the
affine density of a tight wavelet frame necessarily has to be uniform. Several
other intriguing applications will then be shown in Sections 5.4–5.7. In the
remainder of this section we will discuss those briefly.

Interestingly, our main result has direct impact on the well-known ques-
tion initially stated by Daubechies [41, Sec. 4.1], namely, why wavelet systems
do not satisfy a Nyquist phenomenon analogous to Gabor systems. Our
result now reveals one reason why there does not exist a critical density for
orthonormal wavelet bases. In brief, the sequence of time-scale indices of an
orthonormal wavelet basis has indeed uniform affine density. However, Theo-
rem 5.6 implies that for these systems

D−(Λ) = D+(Λ) = 2‖ψ̂‖−2

L2(R, dξ
|ξ| )

,

which can be shown to attain each positive value. A detailed analysis is pre-
sented in Section 5.4.

Conceptually, density conditions seem to be capable only of delivering
necessary conditions for the existence of wavelet frames, since they are inde-
pendent of the analyzing wavelet itself and do not capture local features of the
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sequence of time-scale indices. Hence they appear almost too weak to serve
as a sufficient condition. And in fact, to date, the notion of density was only
employed to derive necessary conditions. However, in Section 5.5 we show that
under some mild decay condition on the analyzing wavelets, the existence of
a sequence of time indices T such that

⋃L
�=1 W(ψ�, S� × T, (w�, 1)) forms a

frame is in fact equivalent to the weighted sequence
⋃L

�=1 S� having positive
lower and finite upper weighted density (Theorem 5.11). Section 5.6 is then
devoted to the study whether such weight functions always exist.

In the last section, we consider co-affine systems with arbitrary sequences
of time-scale indices with mild conditions on the sequences of time indices and
the analyzing wavelets, and show by employing previously derived results that
such systems can never form a frame (Theorem 5.18). This is indeed a general-
ization to arbitrary sequences of scale indices of a result derived by Gressman,
Labate, Weiss, and Wilson [61]. Thus, in particular, interchanging the dilation
and translation operator for systems of the form

⋃L
�=1 W(ψ�, S� × T�, (w�, 1))

results in the complete loss of the frame properties, thereby indicating how
sensitive discrete wavelet frames behave with respect to the ordering of the
operators in contrast to continuous wavelet frames.

5.2 Density of Product Sequences

Since in the sequel we will study sequences in A of the form Λ = S×T , where
S ⊆ R

+ and T ⊆ R, the definition of density for sequences in R
+ and R will

become important. Notice that we use the same notion for all three densities.
The type of density is then always completely determined by the sequence to
which it is applied.

The notion of density for sequences in R
+ has already been introduced

in Section 4.4. The notion of Beurling density for weighted sequences in R
d

will be introduced in Chapter 7. Since in this chapter we are only concerned
with sequences in R, for the convenience of the reader we will state the new
definition of weighted Beurling density for this special case.

For T1, . . . , TL ⊆ R with associated weight functions v� : T� → R
+ for

� = 1, . . . , L, the upper weighted Beurling density of {(T�, v�)}L
�=1 is defined

by

D+({(T�, v�)}L
�=1) = lim sup

h→∞
sup
x∈R

∑L
�=1 #v�

(T� ∩ x + [−h
2 , h

2 ))
h

,

and the lower weighted Beurling density of {(T�, v�)}L
�=1 is

D−({(T�, v�)}L
�=1) = lim inf

h→∞
inf
x∈R

∑L
�=1 #v�

(T� ∩ x + [−h
2 , h

2 ))
h

.

If we have D−({(T�, v�)}L
�=1) = D+({(T�, v�)}L

�=1), then {(T�, v�)}L
�=1 is said

to possess the uniform weighted Beurling density D({(T�, v�)}L
�=1).
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For S ⊆ R
+ with w : S → R

+ and T ⊆ R with v : T → R
+, we will define

the weight function (w, v) : S×T → R
+ by (w, v)(s, t) = w(s)v(t). Under some

mild density conditions on T1, . . . , TL ⊆ R equipped with weight functions
v� : T� → R

+ for � = 1, . . . , L, the affine density of {(S� ×T�, (w�, v�))}L
�=1 can

be computed in the following way.

Lemma 5.1. Let S1, . . . , SL ⊆ R
+ with associated weight functions w� : S� →

R
+ for � = 1, . . . , L, and T1, . . . , TL ⊆ R with associated weight functions

v� : T� → R
+ for � = 1, . . . , L be given. If for each � = 1, . . . , L the pair

(T�, v�) possesses a uniform weighted Beurling density D(T�, v�), then

D−({(S� × T�, (w�, v�))}L
�=1) = D−({(S�,D(T�, v�) · w�)}L

�=1)

and

D+({(S� × T�, (w�, v�))}L
�=1) = D+({(S�,D(T�, v�) · w�)}L

�=1).

Proof. Fix ε > 0. Since (T�, v�) possesses a uniform weighted Beurling density,
there exists h0 > 0 with
∣∣∣∣∣
#v�

(T� ∩ x + [−h
2 , h

2 ))
h

−D(T�, v�)

∣∣∣∣∣ < ε for all x ∈ R, h ≥ h0, � = 1, . . . , L.

(5.2)
Set Λ� = S� × T�. For each (x, y) ∈ A,

L∑

�=1

#(w�,v�)(Λ� ∩ Qh(x, y))

=
L∑

�=1

#(w�,v�)(Λ� ∩ {(xa, y
a + b) : a ∈ [e−

h
2 , e

h
2 ), b ∈ [−h

2 , h
2 )})

=
L∑

�=1

∑

s∈S�∩x[e− h
2 ,e

h
2 )

w�(s) · #v�
(T� ∩ xy

s + [−h
2 , h

2 )).

Dividing by h2, taking the infimum over all (x, y) ∈ A, and employing (5.2),
yields

inf
x∈R+

∑L
�=1 #(D(T�,v�)−ε)·w�

(S� ∩ x[e−
h
2 , e

h
2 ))

h

≤ inf
(x,y)∈A

∑L
�=1 #(w�,v�)(Λ� ∩ Qh(x, y))

h2

≤ inf
x∈R+

∑L
�=1 #(D(T�,v�)+ε)·w�

(S� ∩ x[e−
h
2 , e

h
2 ))

h

for all h ≥ h0. Applying the liminf as h → ∞ and noting that we can choose
ε arbitrarily small, proves D−({(S� × T�, (w�, v�))}L

�=1) = D−({(S�,D(T�, v�) ·
w�)}L

�=1).
The second claim can be treated similarly. ��
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5.3 A Fundamental Relationship

For the proof of the fundamental relationship between the affine density of the
sequences of time and scale indices, the frame bounds, and the admissibility
constants of the analyzing wavelets, we need to consider the system of weighted
exponentials associated with some weighted sequence of time indices. Given
r > 0, T ⊆ R, and v : T → R

+, we denote the corresponding system of
weighted exponentials by

E(T, v, r) = {x �→ v(t)
1
2 e2πitx : t ∈ T, x ∈ [−r, r]}.

Then E(T, v, r) is a frame for L2[−r, r] with frame bounds A and B, if for all
f ∈ L2[−r, r],

A

∫ r

−r

|f(x)|2 dx ≤
∑

t∈T

v(t)
∣∣∣∣
∫ r

−r

f(x)e−2πitx dx

∣∣∣∣
2

≤ B

∫ r

−r

|f(x)|2 dx.

We first show that for the wavelet systems under consideration, a finite
upper weighted density of the weighted sequences of scale indices is a necessary
condition for such a system to form a Bessel sequence. This result generalizes
the result by Sun and Zhou [121, Thm 2.1(1)] to weighted wavelet systems.
We remark that this proposition is not a direct corollary from Theorem 4.1.

Proposition 5.2. Let ψ1, . . . , ψL ⊆ L2(R)\{0}, S1, . . . , SL ⊆ R
+ with asso-

ciated weight functions w� : S� → R
+ for � = 1, . . . , L, and T1, . . . , TL ⊆ R

with associated weight functions v� : T� → R
+ for � = 1, . . . , L be given.

(i) If
⋃L

�=1 W(ψ�, S� × T�, (w�, v�)) is a Bessel sequence for L2(R), then we
have D+({(S�, w�)}L

�=1) < ∞.

(ii) If
⋃L

�=1 E(T�, v�, r), where r > 0, is a Bessel sequence for L2[−r, r], then
we have D+({(T�, v�)}L

�=1) < ∞.

Proof. (i) Let B denote the Bessel bound for
⋃L

�=1 W(ψ�, S� × T�, (w�, v�)).
Fix � ∈ {1, . . . , L}, s0 ∈ S�, and t0 ∈ T�. Let f = σ(s0, t0)ψ�. Now since Wψ�

f
is continuous and Wψ�

f(s0, t0) �= 0, there must exist some h > 0 such that

inf
x∈[e− h

2 ,e
h
2 )

|Wψ�
f(xs0, t0)| = δ > 0.

Then for all y ∈ R
+,

B ‖f‖2
2 = B

∥∥σ(s−1
0 y, 0)f

∥∥2
2

≥
∑

s∈S�

w�(s)
∑

t∈T�

v�(t)
∣∣〈σ(s−1

0 y, 0)f, σ(s, t)ψ�

〉∣∣2

≥ v�(t0)
∑

s∈S�

w�(s)
∣∣〈σ(s−1

0 y, 0)f, σ(s, t0)ψ�

〉∣∣2
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≥ v�(t0)
∑

s∈S�∩y[e− h
2 ,e

h
2 )

w�(s)
∣∣〈f, σ(sy−1s0, t0)ψ�

〉∣∣2

≥ v�(t0)δ2#w�
(S� ∩ y[e−

h
2 , e

h
2 )).

By Propositions 4.15 and 4.17, the claim follows.

(ii) The proof is similar to the proof of part (i). ��

Next we show that wavelet frames of the form considered in this chapter
impose a Littlewood–Paley type relation on the sequences of scale indices and
on the analyzing wavelets. This result extends the result by Yang and Zhou
[127, Thm. 1] to weighted wavelet systems with finitely many generators.

Proposition 5.3. Let S1, . . . , SL ⊆ R
+ with associated weight functions

w� : S� → R
+ for � = 1, . . . , L, and T1, . . . , TL ⊆ R with associated

weight functions v� : T� → R
+ for � = 1, . . . , L be given. Further, let

ψ1, . . . , ψL ⊆ L2
A(R)\{0}. If

⋃L
�=1 W(ψ�, S�×T�, (w�, v�)) is a frame for L2(R)

with frame bounds A and B, and if for all � = 1, . . . , L the system E(T�, v�, r)
is a frame for L2[−r, r] with frame bounds C� and D� for some r > 0, then,
setting Cmin = min�=1,...,L C� and Dmax = max�=1,...,L D�, we have

A

Dmax
≤

L∑

�=1

∑

s∈S�

w�(s)|ψ̂�(sξ)|2 ≤ B

Cmin
for a.e. ξ ∈ R. (5.3)

Proof. Let f ∈ L2(R), ξ0 ∈ R, and M > 0. By Lemma 2.2, we have

L∑

�=1

∑

s∈S�

∑

t∈T�

w�(s)v�(t) |〈f, σ(s, t)ψ�〉|2

=
L∑

�=1

∑

s∈S�

∑

t∈T�

w�(s)v�(t)s
∣∣∣∣
∫ ∞

−∞
f̂(ξ)ψ̂�(sξ)e2πistξ dξ

∣∣∣∣
2

=
L∑

�=1

∑

s∈S�

∑

t∈T�

w�(s)v�(t)
1
s

∣∣∣∣
∫ ∞

−∞
f̂( ξ

s )ψ̂�(ξ)e2πitξ dξ

∣∣∣∣
2

=
L∑

�=1

∑

s∈S�

∑

t∈T�

w�(s)v�(t)
1
s

∣∣∣∣∣

∫ sξ0+r

sξ0−r

∑

k∈Z

f̂( ξ+2kr
s )ψ̂�(ξ + 2kr)e2πit(ξ+2kr) dξ

∣∣∣∣∣

2

= J1(f,M, ξ0) + J2(f,M, ξ0),

where
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J1(f,M, ξ0) =
L∑

�=1

∑

s∈S�,s≤M

∑

t∈T�

w�(s)v�(t)
1
s

·
∣∣∣∣∣

∫ sξ0+r

sξ0−r

∑

k∈Z

f̂( ξ+2kr
s )ψ̂�(ξ + 2kr)e2πit(ξ+2kr) dξ

∣∣∣∣∣

2

and

J2(f,M, ξ0) =
L∑

�=1

∑

s∈S�,s>M

∑

t∈T�

w�(s)v�(t)
1
s

·
∣∣∣∣∣

∫ sξ0+r

sξ0−r

∑

k∈Z

f̂( ξ+2kr
s )ψ̂�(ξ + 2kr)e2πit(ξ+2kr) dξ

∣∣∣∣∣

2

.

Fix ε > 0 and choose fε ∈ L2(R) by f̂ε(ξ) = 1√
2ε

χ[ξ0−ε,ξ0+ε](ξ). Since ‖fε‖2 =

‖f̂ε‖2 = 1, using the fact that
⋃L

�=1 W(ψ�, S� × T�, (w�, v�)) is a frame for
L2(R) with frame bounds A and B yields

A ≤ J1(fε,M, ξ0) + J2(fε,M, ξ0) ≤ B for all M > 0 and ξ0 ∈ R. (5.4)

Remember that we chose Cmin = min�=1,...,L C� and Dmax = max�=1,...,L D�.
Obviously, Cmin and Dmax are both positive and finite.

First we derive estimates for J1(fε,M, ξ0) and use these to prove the upper
bound in (5.3). We claim that for any M > 0 and ε ∈ (0, r

M ),

Cmin

2ε

∫ ξ0+ε

ξ0−ε

L∑

�=1

∑

s∈S�,s≤M

w�(s)|ψ̂�(sξ)|2 dξ

≤ J1(fε,M, ξ0)

≤ Dmax

2ε

∫ ξ0+ε

ξ0−ε

L∑

�=1

∑

s∈S�,s≤M

w�(s)|ψ̂�(sξ)|2 dξ. (5.5)

To prove this, let � ∈ {1, . . . , L}. Since for each s ∈ S� with s ≤ M and k ∈ Z,

[ξ0 + (2k−1)r
s , ξ0 + (2k+1)r

s ] ∩ [ξ0 − ε, ξ0 + ε] �= ∅ ⇐⇒ k = 0,

we may rewrite J1(fε,M, ξ0) as

J1(fε,M, ξ0)

=
L∑

�=1

∑

s∈S�,s≤M

∑

t∈T�

w�(s)v�(t)
1
s

∣∣∣∣∣

∫ sξ0+r

sξ0−r

f̂ε( ξ
s )ψ̂�(ξ)e2πitξ dξ

∣∣∣∣∣

2

=
L∑

�=1

∑

s∈S�,s≤M

w�(s)
1
s

∑

t∈T�

v�(t)
∣∣∣∣
∫ r

−r

f̂ε( ξ+sξ0
s )ψ̂�(ξ + sξ0)e2πitξ dξ

∣∣∣∣
2

.
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Due to the definition of Cmin and Dmax, for all � = 1, . . . , L the system
E(T�, v�, r) is a frame for L2[−r, r] with frame bounds Cmin and Dmax for
some r > 0. Hence

J1(fε,M, ξ0) ≤ Dmax

L∑

�=1

∑

s∈S�,s≤M

w�(s)
1
s

∫ r

−r

|f̂ε( ξ+sξ0
s )ψ̂�(ξ + sξ0)|2dξ

= Dmax

L∑

�=1

∑

s∈S�,s≤M

w�(s)
∫ ξ0+

r
s

ξ0− r
s

|f̂ε(ξ)ψ̂�(sξ)|2dξ

=
Dmax

2ε

∫ ξ0+ε

ξ0−ε

L∑

�=1

∑

s∈S�,s≤M

w�(s)|ψ̂�(sξ)|2dξ.

This proves one part of (5.5). The other part can be treated similarly.
Now due to boundedness, we may let ε → 0 and then M → ∞ in (5.4)

and (5.5), which yields

L∑

�=1

∑

s∈S�

w�(s)|ψ̂�(sξ0)|2 ≤ B

Cmin
for a.e. ξ0 ∈ R.

This proves the upper bound in (5.3).

Now let ε = r
2M . To prove the lower bound in (5.3), we study the second

term J2(fε,M, ξ0). First we show that for any ξ0 ∈ R\{0} and δ ∈ (0, A),
there exists M0 > 0 such that

J2(fε,M, ξ0) < δ for all M ≥ M0. (5.6)

We will prove the claim only for ξ0 > 0. The other case can be treated
similarly. Since for each k ∈ Z with |k| > sε

2r + 1
2 ,

[ξ0 + (2k−1)r
s , ξ0 + (2k+1)r

s ] ∩ [ξ0 − ε, ξ0 + ε] = ∅,

we obtain the following estimate for each � = 1, . . . , L and s ∈ S�, s > M .
Again we will use the fact that E(T�, v�, r) is a frame for L2[−r, r] with
frame bounds Cmin and Dmax for some r > 0. We further assume that
M ≥ max{ r

ξ0
, 1}. We compute

∑

t∈T�

v�(t)
1
s

∣∣∣∣∣

∫ sξ0+r

sξ0−r

∑

k∈Z

f̂( ξ+2kr
s )ψ̂�(ξ + 2kr)e2πit(ξ+2kr) dξ

∣∣∣∣∣

2

=
∑

t∈T�

v�(t)
1
s

∣∣∣∣∣∣

∫ sξ0+r

sξ0−r

∑

k∈Z,|k|≤ sε
2r + 1

2

f̂ε( ξ+2kr
s )ψ̂�(ξ + 2kr)e2πit(ξ+2kr) dξ

∣∣∣∣∣∣

2

=
∑

t∈T�

v�(t)
1
s

∣∣∣∣∣∣

∑

k∈Z,|k|≤ sε
2r + 1

2

e4πitkr

∫ sξ0+r

sξ0−r

f̂ε( ξ+2kr
s )ψ̂�(ξ + 2kr)e2πitξ dξ

∣∣∣∣∣∣

2
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≤
∑

t∈T�

v�(t)
1
s

(sε

r
+ 2
) ∑

k∈Z,|k|≤ sε
2r + 1

2

∣∣∣∣∣

∫ sξ0+r

sξ0−r

f̂ε( ξ+2kr
s )ψ̂�(ξ + 2kr)e2πitξ dξ

∣∣∣∣∣

2

=
(

ε

r
+

2
s

) ∑

k∈Z,|k|≤ sε
2r + 1

2

∑

t∈T�

v�(t)
∣∣∣∣
∫ r

−r

f̂ε( ξ+sξ0+2kr
s )ψ̂�(ξ + sξ0 + 2kr)

·e2πitξ dξ
∣∣2

≤ Dmax

(
ε

r
+

2
s

) ∑

k∈Z,|k|≤ sε
2r + 1

2

∫ r

−r

|f̂ε( ξ+sξ0+2kr
s )ψ̂�(ξ + sξ0 + 2kr)|2dξ

≤ Dmax
1
2ε

(
ε

r
+

2
s

) ∑

k∈Z,|k|≤ sε
2r + 1

2

∫ r

−r

|ψ̂�(ξ + sξ0 + 2kr)|2dξ

≤ Dmax

(
1
2r

+
1
sε

)∫ s(ξ0+ε)+2r

s(ξ0−ε)−2r

|ψ̂�(ξ)|2dξ

≤ 5Dmax

2r

∫ 3s
ξ0
2 +2r

s
ξ0
2 −2r

|ψ̂�(ξ)|2dξ.

The last inequality follows from

s(ξ0 + ε) + 2r = sξ0 +
sr

2M
+ 2r ≤ sξ0 +

srξ0

2r
+ 2r = 3s

ξ0

2
+ 2r,

a similar computation to show that s(ξ0 − ε) − 2r ≥ s ξ0
2 − 2r, and the fact

that 1
sε < 1

Mε = 2
r . Therefore, we may estimate J2(fε,M, ξ0) in the following

way:

J2(fε,M, ξ0) ≤
5Dmax

2r

L∑

�=1

∑

s∈S�,s>M

w�(s)
∫ 3s

ξ0
2 +2r

s
ξ0
2 −2r

|ψ̂�(ξ)|2dξ. (5.7)

Fix � ∈ {1, . . . , L}. It remains to prove that the right-hand-side for this
particular � converges to 0 as M → ∞. First let h > max{2 ln 4, | ln(2r)|}
and notice that the sequence of intervals {ejh[e−

h
2 , e

h
2 )}j∈Z is a tiling of R

+.
Moreover, we let M be large enough that ln(Mξ0

2 − 2r) ≥ 3h, and define

jM := � 1
h ln(Mξ0

2 − 2r) − 1
2�.

It is easy to check that for any s ∈ S�, s > M ,

[s ξ0
2 − 2r, 3s ξ0

2 + 2r] ∩ ejh[e−
h
2 , e

h
2 ) �= ∅ =⇒ j ≥ jM .

We further obtain that this intersection is nonempty if and only if

s ξ0
2 − 2r < ejh+ h

2 and 3s ξ0
2 + 2r ≥ ejh−h

2 ,
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which implies
s ∈ [ 2

3ξ0
(ejh−h

2 − 2r), 2
ξ0

(ejh+ h
2 + 2r)).

Now we intend to show that this interval is contained in some x[e−h, eh) with
x ∈ R

+ suitably chosen. Let j ∈ Z with j ≥ jM . Then, by the choice of h,

[ 2
3ξ0

(ejh−h
2 − 2r), 2

ξ0
(ejh+ h

2 + 2r)) = 2
ξ0

ejh[13 (e−
h
2 − 2re−jh), e

h
2 + 2re−jh)

⊆ 2
ξ0

ejh[13 (e−
h
2 − 2re−jM h), e

h
2 + 2re−jM h)

⊆ 2
ξ0

ejh[13 (e−
h
2 − e−h), e

h
2 + e−h)

⊆ 2
ξ0

ejh[e−h, eh).

By Propositions 5.2(i) and 4.17, we have D+(S�, w�) < ∞. Then Proposition
4.15 implies that there exists N < ∞ such that

#w�
{s ∈ S�, s > M : [s ξ0

2 − 2r, 3s ξ0
2 + 2r] ∩ ejh[e−

h
2 , e

h
2 ) �= ∅}

≤ #w�
{S� ∩ 2

ξ0
ejh[e−h, eh)} ≤ N

for any j ∈ Z, j ≥ jM . Thus,

∑

s∈S�,s>M

w�(s)
∫ 3s

ξ0
2 +2r

s
ξ0
2 −2r

|ψ̂�(ξ)|2dξ

=
∑

s∈S�,s>M

w�(s)
∑

j∈Z

∫

[s
ξ0
2 −2r,3s

ξ0
2 +2r]∩ejh[e− h

2 ,e
h
2 )

|ψ̂�(ξ)|2dξ

=
∑

j∈Z,j≥jM

∑

s∈S�,s>M

w�(s)
∫

[s
ξ0
2 −2r,3s

ξ0
2 +2r]∩ejh[e− h

2 ,e
h
2 )

|ψ̂�(ξ)|2dξ

≤
∑

j∈Z,j≥jM

N

∫

ejh[e− h
2 ,e

h
2 )

|ψ̂(ξ)|2dξ,

which converges to 0 as M → ∞. Together with (5.7) this proves (5.6).
Now (5.4), (5.5), and (5.6) imply that with ε = r

2M , for ξ0 ∈ R\{0} and
δ ∈ (0, A), we have

A − δ ≤ J1(fε,M, ξ0) ≤
Dmax

2ε

∫ ξ0+ε

ξ0−ε

L∑

�=1

∑

s∈S�

w�(s)|ψ̂�(sξ)|2 dξ,

provided M is large enough. Letting M → ∞ yields

A − δ ≤ Dmax

L∑

�=1

∑

s∈S�

w�(s)|ψ̂�(sξ0)|2 for a.e. ξ0 ∈ R.

Since δ was arbitrary, finally we obtain



5.3 A Fundamental Relationship 69

A

Dmax
≤

L∑

�=1

∑

s∈S�

w�(s)|ψ̂�(sξ0)|2 for a.e. ξ0 ∈ R.

This proves the lower bound in (5.3). ��

Now we will show that a Littlewood–Paley type inequality yields a rela-
tionship between the density of the associated sequences, the bounds, and
special constants depending on the considered functions. The decomposition
technique employed in the proof is inspired by a similar technique used by
Kolountzakis and Lagarias [91].

Proposition 5.4. Let S1, . . . , SL ⊆ R
+ with associated weight functions w� :

S� → R
+ for � = 1, . . . , L be given such that D+({(S�, w�)}L

�=1) < ∞. Further,
let f1, . . . , fL ∈ L1(R)\{0} with f� ≥ 0 and

∫∞
0

f�(x)
x dx < ∞ for � = 1, . . . , L.

Suppose that

A ≤
L∑

�=1

∑

s∈S�

w�(s)f�(sx) ≤ B for a.e. x ∈ R
+. (5.8)

Then

A ≤ D−({(S�, w� ·
∫ ∞

0

f�(x)
x

dx)}L
�=1) ≤ D+({(S�, w� ·

∫ ∞

0

f�(x)
x

dx)}L
�=1) ≤ B.

Proof. For the sake of brevity, in this proof for each h > 0 we will define
Kh ⊆ R

+ by Kh = [e−
h
2 , e

h
2 ). Let ε > 0. Since

∫∞
0

f�(x)
x dx < ∞, we can

choose some c > 0 such that
∫

R+\Kc

f�(x)
x dx < ε for all � = 1, . . . , L. Further,

fix y ∈ R
+ and h > c. Dividing inequality (5.8) by x and integrating each

term over the box y−1Kh yields

hA ≤
L∑

�=1

∑

s∈S�

w�(s)
∫

y−1Kh

f�(sx)
x

dx ≤ hB.

Then we make the decomposition

L∑

�=1

∑

s∈S�

w�(s)
∫

y−1Kh

f�(sx)
x

dx = I1(y, h) − I2(y, h) + I3(y, h) + I4(y, h),

where

I1(y, h) =
L∑

�=1

∑

s∈S�∩yKh−c

w�(s)
∫ ∞

0

f�(sx)
x

dx,

I2(y, h) =
L∑

�=1

∑

s∈S�∩yKh−c

w�(s)
∫

R+\y−1Kh

f�(sx)
x

dx,



70 5 Quantitative Density Conditions

I3(y, h) =
L∑

�=1

∑

s∈S�∩(yKh+c\yKh−c)

w�(s)
∫

y−1Kh

f�(sx)
x

dx,

I4(y, h) =
L∑

�=1

∑

s∈S�∩(R+\yKh+c)

w�(s)
∫

y−1Kh

f�(sx)
x

dx.

By Proposition 4.17, we have D+(S�, w�) < ∞ for each � = 1, . . . , L. By
Proposition 4.15, there exists N < ∞ such that

#w�
(S� ∩ xKt) ≤ (t + 1) sup

x̃∈R+
#w�

(S� ∩ x̃K1) ≤ (t + 1)N

for all x ∈ R
+, t > 0, and � = 1, . . . , L.

We first observe that

I1(y, h) =
L∑

�=1

#w�
(S� ∩ yKh−c)

∫ ∞

0

f�(x)
x

dx.

To estimate I2(y, h), note that if s ∈ yKh−c, then we have s(R+\y−1Kh) =
R

+\sy−1Kh ⊆ R
+\Kc. Therefore the contribution of I2(y, h) can be con-

trolled by

I2(y, h) ≤
L∑

�=1

∑

s∈S�∩yKh−c

w�(s)
∫

R+\Kc

f�(x)
x

dx

≤
L∑

�=1

#w�
(S� ∩ yKh−c) ε

≤ L(h − c + 1)Nε.

Since Kh+c\Kh−c can be covered by a union of at most 2c+1 intervals of the
form xK1, x ∈ R

+, the term I3(y, h) can be estimated as follows:

I3(y, h) ≤
L∑

�=1

∑

s∈S�∩(yKh+c\yKh−c)

w�(s)
∫ ∞

0

f�(x)
x

dx

=
L∑

�=1

#w�
(S� ∩ y(Kh+c\Kh−c))

∫ ∞

0

f�(x)
x

dx

≤ (2c + 1)N
L∑

�=1

∫ ∞

0

f�(x)
x

dx.

To estimate I4(y, h), note that if s �∈ yKh+c, then sy−1Kh ⊆ R
+\Kc. Fur-

thermore, each interval in {sy−1Kh : s ∈ S} can intersect at most h + 1
of the other intervals in the set. Hence the contribution of I4(y, h) can be
controlled by
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I4(y, h) =
L∑

�=1

∑

s∈S�∩(R+\yKh+c)

w�(s)
∫

sy−1Kh

f�(x)
x

dx

≤ L(h + 1)N
∫

R+\Kc

f�(x)
x

dx

≤ L(h + 1)Nε.

Combining these estimates, we see that

hA ≤
L∑

�=1

#w�
(S� ∩ yKh−c)

∫ ∞

0

f�(x)
x

dx + L(h − c + 1)Nε

+(2c + 1)N
L∑

�=1

∫ ∞

0

f�(x)
x

dx + L(h + 1)Nε.

Therefore

A = lim inf
h→∞

hA

h

≤ lim inf
h→∞

inf
y∈R+

∑L
�=1 #w�

(S� ∩ yKh−c)
∫∞
0

f�(x)
x dx

h

+ lim sup
h→∞

L(h − c + 1)Nε

h
+ lim sup

h→∞

(2c + 1)N
h

L∑

�=1

∫ ∞

0

f�(x)
x

dx

+ lim sup
h→∞

L(h + 1)Nε

h

= D−({(S�, w� ·
∫ ∞

0

f�(x)
x

dx)}L
�=1) + 2LNε.

Now letting ε go to zero yields A ≤ D−({(S�, w� ·
∫∞
0

f�(x)
x dx)}L

�=1). The
second claim, D+({(S�, w� ·

∫∞
0

f�(x)
x dx)}L

�=1) ≤ B, can be treated similarly.
Hence the theorem is proved. ��

Next we derive a relationship between the density of the sequence of time
indices and the frame bounds of a frame of weighted exponentials. This result
contains a result by Heil and Kutyniok [74] as a special case.

Theorem 5.5. Let T1, . . . , TL ⊆ R with associated weight functions v� : T� →
R

+ for � = 1, . . . , L be given such that
⋃L

�=1 E(T�, v�, r) is a frame for L2[−r, r]
with frame bounds A and B for some r > 0. Then the following statements
hold.

(i) We have

A ≤ D−({(T�, v�)}L
�=1) ≤ D+({(T�, v�)}L

�=1) ≤ B.
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(ii) If the system
⋃L

�=1 E(T�, v�, r) is a tight frame for L2[−r, r] with frame
bound A, then {(T�, v�)}L

�=1 has uniform weighted Beurling density and

D({(T�, v�)}L
�=1) = A.

(iii) If T1 = . . . = TL = T , v1 = . . . = vL = 1, and E(T, r) is a tight frame for
L2[−r, r] with frame bound A, then T has uniform Beurling density and

D(T ) = A.

Proof. Only part (i) will be proven. Parts (ii) and (iii) then follow as corol-
laries.

For the proof of (i) we will employ Proposition 5.4. For ξ ∈ R, consider
the function gξ(x) = Mξχ[−r,r](x) = e2πiξxχ[−r,r](x). By definition of frame,

A ‖gξ‖2
2 ≤

L∑

�=1

∑

t∈T�

v�(t)|
〈
gξ,Mtχ[−r,r]

〉
|2 ≤ B ‖gξ‖2

2 .

We compute

∣∣〈gξ,Mtχ[−r,r]

〉∣∣2 =

{
4r2, ξ = t,
sin2(2π(ξ−t)r)

π2(ξ−t)2 , ξ �= t,

and define h ∈ L1(R) by

h(x) =

{
4r2, x = 0,
sin2(2πxr)

π2x2 , x �= 0.

Using, in addition, the fact that ‖gξ‖2
2 = 2r, we obtain

2rA ≤
L∑

�=1

∑

t∈T�

v�(t)h(t − ξ) ≤ 2rB for all ξ ∈ R.

Now define f ∈ L1(R+) by

f(x) = h(ln(x)),

and define ṽ� : eT� → R
+ by ṽ�(et) = v�(t). Then h(t − ξ) = f(et−ξ) =

f(ete−ξ), and hence

2rA ≤
L∑

�=1

∑

t∈T�

ṽ�(et)f(etx) ≤ 2rB for all x ∈ R
+.

Further, an easy calculation shows that
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∫ ∞

0

f(x)
x

dx =
∫ ∞

−∞

sin2(2πxr)
π2x2

dx = 2r.

By Proposition 5.2(ii), we have D+({(T�, v�)}L
�=1) < ∞. Observing that for

x ∈ R,
#v�

(T� ∩ x + [−h
2 , h

2 )) = #ṽ�
(eT� ∩ ex[e−

h
2 , e

h
2 ))

and using the definition of density for sequences in R
+ and in R, yields

D+({(eT� , ṽ�)}L
�=1) < ∞. Now Proposition 5.4 implies that

2rA ≤ D−({(eT� , ṽ� · 2r)}L
�=1) ≤ D+({(eT� , ṽ� · 2r)}L

�=1) ≤ 2rB.

Using the same argument concerning the relation between the density of
sequences in R

+ and R as above again and dividing by 2r proves the claim. ��

The following result establishes a fundamental relationship between weigh-
ted affine density, the frame bounds, and the admissibility constants for
weighted wavelet frames with finitely many generators. This includes the result
by Chui and Shi and by Daubechies (5.1) (see Remark 5.7(b)).

Theorem 5.6. Let S1, . . . , SL ⊆ R
+ with associated weight functions w� :

S� → R
+ for � = 1, . . . , L, and T1, . . . , TL ⊆ R with associated weight func-

tions v� : T� → R
+ for � = 1, . . . , L be given. Further, let ψ1, . . . , ψL ∈

L2
A(R)\{0}. If

⋃L
�=1 W(ψ�, S� × T�, (w�, v�)) is a frame for L2(R) with frame

bounds A and B, and if for all � = 1, . . . , L the system E(T�, v�, r) is a frame
for L2[−r, r] with frame bounds C� and D� for some r > 0, then the fol-
lowing statements hold, where we set Cmin = min�=1,...,L C� and Dmax =
max�=1,...,L D�.

(i) We have

A

Dmax
≤ D−({(S�, C

+
ψ�

w�)}L
�=1) ≤ D+({(S�, C

+
ψ�

w�)}L
�=1) ≤

B

Cmin
(5.9)

and

A

Dmax
≤ D−({(S�, C

−
ψ�

w�)}L
�=1) ≤ D+({(S�, C

−
ψ�

w�)}L
�=1) ≤

B

Cmin
. (5.10)

(ii) Suppose E(T�, v�, r) is a tight frame for L2[−r, r] for some r > 0 with the
same frame bound Cmin = Dmax. Then

A ≤ D−({(S� × T�, (C+
ψ�

w�, v�))}L
�=1)

≤ D+({(S� × T�, (C+
ψ�

w�, v�))}L
�=1) ≤ B (5.11)

and
A ≤ D−({(S� × T�, (C−

ψ�
w�, v�))}L

�=1)

≤ D+({(S� × T�, (C−
ψ�

w�, v�))}L
�=1) ≤ B (5.12)
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(iii) Suppose E(T�, v�, r) is a tight frame for L2[−r, r] for some r > 0 with the
same frame bound Cmin = Dmax, and we have w� = v� = 1 and Cψ�

= C
for all � = 1, . . . , L. Then

A ≤ 1
2
D−(

L⋃

�=1

(S� × T�)) · C ≤ 1
2
D+(

L⋃

�=1

(S� × T�)) · C ≤ B.

Proof. Inequality (5.9) follows immediately from Propositions 5.2(i), 5.3 and
5.4. Also inequality (5.10) is implied by those three propositions, only here
we have to apply Proposition 5.4 to ξ �→ |ψ̂�(−ξ)|2 for � = 1, . . . , L instead.

Further notice that (iii) is an immediate consequence of (ii).
Thus it remains to prove part (ii). Suppose that for all � = 1, . . . , L the

system E(T�, v�, r) is a tight frame for L2[−r, r] for some r > 0 with frame
bound D. By Theorem 5.5(ii), each pair (T�, v�) has uniform weighted Beurling
density D(T�, v�) = D. Then Lemma 5.1 implies that

D−({(S�, C
+
ψ�

w�)}L
�=1) =

D−({(S� × T�, (C+
ψ�

w�, v�))}L
�=1)

D

and a similar result holds for the upper density. Since D = Dmax = Cmin, this
shows that (5.11) and (5.12) follow from (5.9) and (5.10). ��
Remark 5.7. (a) In general the hypothesis that E(T, r) is a frame for L2[−r, r]
for some r > 0 is not restrictive, since it was shown by Jaffard in [85, Lem. 2]
that E(T, r) is a frame for L2[−r, r] for some r > 0 if and only if T is the disjoint
union of a sequence with a uniform density and a finite number of uniformly
discrete sequences, i.e., of sequences ∆ which satisfy inft1,t2∈∆,t1 �=t2 |t1− t2| >
0. This is easily seen to be equivalent to 0 < D−(T ) ≤ D+(T ) < ∞ (see, for
instance, Heil and Kutyniok [74]).

However, W(ψ,Λ) being a frame for L2(R) does not imply E(T, r) being a
frame for L2[−r, r] for some r > 0. A counterexample for this fact was derived
by Sun and Zhou in [121, Ex. 2.1].

(b) Consider the case S = {aj}j∈Z, a > 1 and T = bZ, b > 0. Then Lemma
3.3 shows that D−(S × T ) = D+(S × T ) = 1

b ln a . Therefore Theorem 5.6(iii)
contains (5.1) as a special case.

Theorem 5.6 yields several results interesting in their own right, which are
all direct implications of this theorem. Here we focus on the singly generated
situation.

It is conjectured that W(ψ,Λ) being a frame for L2(R) implies D−(Λ) > 0,
most likely under mild conditions on ψ or Λ. In this book we obtained one
partial result in Theorem 4.2 and will derive another in Corollary 6.12. The
general conjecture is still unsolved even in the nonweighted case. For further
partial results we refer to Sun [117]. With the following corollary we prove yet
another special case of this conjecture. This result is in fact a generalization
of one part of a result from Sun and Zhou [121, Thm. 2.1] and Sun [117,
Thm. 1.1] to the weighted situation.
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Corollary 5.8. Let Λ = S × T ⊆ A, w : S → R
+, and v : T → R

+, and let
ψ ∈ L2

A(R). If W(ψ,Λ, (w, v)) is a frame for L2(R), and E(T, v, r) is a tight
frame for L2[−r, r] for some r > 0, then D−(Λ, (w, v)) > 0.

The second corollary shows that a wavelet system can only form a tight
frame provided that the associated sequence of time-scale indices possesses
a uniform affine density, thereby also delivering the exact value of the frame
bound in terms of the affine density of the sequence of time-scale indices and
the admissibility constant of the analyzing wavelet. This should be compared
with the fact that the sequence of time-scale indices of classical affine systems
always possesses a uniform affine density (Lemma 3.3). The following result
moreover provides one reason, why there does not exist a Nyquist phenomenon
for wavelet systems (see Section 5.4).

Corollary 5.9. Let Λ = S × T ⊆ A, w : S → R
+, and v : T → R

+, and let
ψ ∈ L2

A(R). If W(ψ,Λ, (w, v)) is a tight frame for L2(R) with frame bound A,
and E(T, v, r) is a tight frame for L2[−r, r] for some r > 0, then (Λ, (w, v))
has uniform weighted affine density and

A = D(Λ, (w, v))
∫ ∞

0

|ψ̂(ξ)|2
|ξ| dξ = D(Λ, (w, v))

∫ 0

−∞

|ψ̂(ξ)|2
|ξ| dξ. (5.13)

5.4 The Nyquist Phenomenon

In this section we discuss the impact of Corollary 5.9 on the existence of a
Nyquist density for wavelet systems. To present our observations in a clear
way, we restrict ourselves to singly generated nonweighted wavelet systems.
However, we remark that these considerations can be extended to weighted
wavelet systems with finitely many generators.

In brief, in terms of necessary conditions for Gabor frames there is a criti-
cal or Nyquist density for Λ separating frames from non-frames, and further-
more the Riesz bases sit exactly at this critical density. It is natural to ask
whether wavelet systems share similar properties, and the immediate answer
is that there is clearly no exact analogue of the Nyquist density for analyz-
ing wavelets. In particular, consider the case of the classical affine systems
W(ψ, {(aj , bk)}j,k∈Z) with dilation parameter a > 1 and translation para-
meter b > 0. It can be shown that for each a > 1 and b > 0 there exists an
analyzing wavelet ψ ∈ L2(R) such that W(ψ,Λ) is a frame or even an ortho-
normal basis for L2(R) (see Dai and Larson [38, Ex. 4.5, Part 10]). In fact,
the wavelet set construction of Dai, Larson, and Speegle [39] shows that this
is true even in higher dimensions: wavelet orthonormal bases in the classical
affine form exist for any expansive dilation matrix. For additional demonstra-
tions of the impossibility of a Nyquist density, even given constraints on the
norm or on the admissibility constant of the analyzing wavelet, see the exam-
ple of Daubechies in [40, Thm. 2.10] and the more extensive analysis of Balan
in [5].
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We will now demonstrate how the density relation (5.13) reveals one reason
why there does not exist a Nyquist density for wavelet orthonormal bases,
whereas there exists one for Gabor orthonormal bases. We can view the
necessary density condition (5.13) for W(ψ,Λ) to be a Parseval frame for
L2(R), where E(T, r) is a tight frame for L2[−r, r] for some r > 0, also from
the following perspective:

D(Λ) = 2‖ψ̂‖−2

L2(R, dξ
|ξ| )

. (5.14)

Thus once W(ψ,Λ) constitutes an orthonormal basis for L2(R), and E(T, r)
is a tight frame for L2[−r, r] for some r > 0, we obtain (5.14) as a necessary
condition. The wavelet system being an orthonormal basis implies ‖ψ̂‖2 = 1.
However, we do not have any control over the constant ‖ψ̂‖−2

L2(R, dξ
|ξ| )

. Thus

although Λ has a uniform affine density in this case, the value of it can
range over the whole positive axis. As mentioned above, it can be shown
that for each dilation parameter a > 1, there exists an analyzing wavelet
ψ ∈ L2(R) such that W(ψ, {(aj , k)}j,k∈Z) is an orthonormal basis for L2(R).
Since D({(aj , k)}j,k∈Z) = 1

ln a by Lemma 3.3, the affine density can attain each
positive value. Thus Corollary 5.9 reveals one reason, why wavelet systems do
not possess a Nyquist density.

This consideration should be compared to Theorem 7.19, which shows in
particular, that if a Gabor system G(g, Λ), where g ∈ L2(R) and Λ ⊆ R

2,
forms an orthonormal basis for L2(R), it has to satisfy

D(Λ) = ‖ĝ‖−2
2 .

In this situation ‖ĝ‖2 = 1 immediately implies D(Λ) = 1 in contrast to the
wavelet systems, for which the norm of ψ̂ needed for the computation of the
uniform density is equipped with a different measure.

5.5 Sufficient Density Conditions for Wavelet Frames

Up to now density conditions have only served as necessary conditions. In this
section we now show that density conditions can in fact be used to characterize
the existence of weighted wavelet frames. To prove this result we need the
following technical lemma.

Lemma 5.10. Let S ⊆ R
+ and w : S → R

+, and let f be in L1(R) ∩ C(R)
with f ≥ 0 and f(x) ≤ a|x|α as |x| → 0 for some a, α > 0. If D+(S,w) < ∞,
then for each ε > 0 there exists γ ∈ (0, 1) such that

∑

s∈S

w(s)f(sx)χ[0,γ)(s|x|) < ε for all x ∈ R.
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Proof. Fix ε > 0, and let ν ∈ (0, 1) be chosen so that f(x) ≤ a|x|α for all
|x| ≤ ν. Since D+(S,w) < ∞, Proposition 4.15 shows the existence of some
N < ∞ such that #w(S ∩ x[ν, 1)) ≤ N for all x ∈ R

+. Then, for each n ∈ N

and x ∈ R,
∑

s∈S

w(s)f(sx)χ[0,νn)(s|x|) ≤ a
∑

s∈S∩[0,|x|−1νn)

w(s) (s|x|)α

= a|x|α
∞∑

j=n

∑

s∈S∩|x|−1[νj+1,νj)

w(s) sα

≤ a|x|α
∞∑

j=n

N(|x|−1νj)α

= aN
∞∑

j=n

(να)j ,

which is finite. Thus we can choose n0 ∈ N such that
∑

s∈S

w(s)f(sx)χ[0,νn0 )(s|x|) < ε.

Setting γ = νn0 settles the claim. ��

The next result shows that the existence of frames of band-limited admis-
sible wavelets with a certain decay condition can be characterized by using
a condition on the density of the sequences of scale indices. This result is
inspired by a result by Yang and Zhou [127, Cor. 1] for nonweighted singly
generated wavelet systems, in which our density condition (ii) was substituted
by a Littlewood–Paley type condition on the sequence of scale indices.

Theorem 5.11. Let S1, . . . , SL ⊆ R
+ with associated weight functions w� :

S� → R
+ for � = 1, . . . , L be given. Further, let ψ1, . . . , ψL ∈ L1(R) ∩ L2

A(R)
with |ψ̂�(ξ)| ≤ a|ξ|α as |ξ| → 0 for some a, α > 0, where ξ = 0 is an isolated
zero of ψ̂�, and |ψ̂�(ξ)| = 0 for any |ξ| ≥ Ω for all � = 1, . . . , L. Then the
following conditions are equivalent.

(i) There exists T ⊆ R such that E(T, r) is a frame for L2[−r, r], where
r > 2Ω, and

⋃L
�=1 W(ψ�, S� × T, (w�, 1)) is a frame for L2(R).

(ii) 0 < D−({(S�, w�)}L
�=1) ≤ D+({(S�, w�)}L

�=1) < ∞.

Moreover, if (ii) holds, then
⋃L

�=1 W(ψ�, S�×T�, (w�, v�)) is a frame for L2(R)
for any T� ⊆ R equipped with weight functions v� : T� → R

+ satisfying that
E(T�, v�, r) constitutes a frame for L2[−r, r] for all � = 1, . . . , L, where r > 2Ω.

Proof. The implication (i) ⇒ (ii) follows immediately from Theorem 5.6.

Now suppose (ii) holds. First we show that (i) and the moreover-part follow
immediately from the existence of 0 < A ≤ B < ∞ such that
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A ≤
L∑

�=1

∑

s∈S�

w�(s)|ψ̂�(sξ)|2 ≤ B for all ξ ∈ R. (5.15)

For this, let T1, . . . , TL be sequences in R equipped with weight functions
v� : T� → R

+ satisfying that E(T�, v�, r) constitutes a frame for L2[−r, r] for
all � = 1, . . . , L, where r > 2Ω. We further suppose that (5.15) holds. Let
f ∈ L2(R). By Lemma 2.2, we have

〈f, σ(s, t)ψ�〉 = Wψ�
f(s, t)

=
√

s

∫ ∞

−∞
f̂(ξ)ψ̂(sξ)e2πistξ dξ

= 1√
s

∫ Ω

−Ω

f̂( ξ
s )ψ̂�(ξ)e2πitξ dξ.

Then, using the fact that
⋃L

�=1 E(T�, v�, r) constitutes a frame for L2[−Ω,Ω]
with frame bounds say A′ and B′ and employing (5.15), we obtain

L∑

�=1

∑

s∈S�

w�(s)
∑

t∈T�

v�(t) |〈f, σ(s, t)ψ�〉|2

=
L∑

�=1

∑

s∈S�

w�(s)
∑

t∈T�

v�(t)

∣∣∣∣∣

∫ Ω

−Ω

[
1√
s
f̂( ξ

s )ψ̂�(ξ)
]
e2πitξ dξ

∣∣∣∣∣

2

≤ B′
L∑

�=1

∑

s∈S�

w�(s)
∫ Ω

−Ω

∣∣∣ 1√
s
f̂( ξ

s )ψ̂�(ξ)
∣∣∣
2

dξ

= B′
∫ ∞

−∞
|f̂(ξ)|2

L∑

�=1

∑

s∈S�

w�(s)|ψ̂�(sξ)|2dξ

≤ B′B

∫ ∞

−∞
|f̂(ξ)|2dξ

= B′B ‖f‖2
2 .

This proves that
⋃L

�=1 W(ψ�, S� ×T�, (w�, v�)) is a Bessel sequence for L2(R).
In a similar way we can also show that it possesses a lower frame bound.

Hence it suffices to prove that (ii) implies (5.15). First we show that
D+({(S�, w�)}L

�=1) < ∞ implies the existence of some B < ∞ such that
the second inequality in (5.15) is satisfied. For this, fix � ∈ {1, . . . , L}. Since
D+({(S�, w�)}L

�=1) < ∞, in particular, D+(S�, w�) < ∞ by Proposition 4.17.
Employing Lemma 5.10 shows that for some ε > 0 there exists 0 < γ < 1
such that ∑

s∈S�

w�(s)|ψ̂�(sξ)|2χ[0,γ)(s|ξ|) < ε for all ξ ∈ R.
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We now focus on the sum
∑

s∈S�
w�(s)|ψ̂�(sξ)|2χ[γ,Ω)(s|ξ|). Our hypotheses

imply that there exists M > 0 satisfying |ξ||ψ̂�(ξ)| ≤ M for each ξ ∈ R. By
Proposition 4.15, we have #w�

(S� ∩ ξ[γ,Ω)) ≤ N < ∞ for all ξ ∈ R
+. Hence,

for each ξ ∈ R, we get
∑

s∈S�

w�(s)|ψ̂�(sξ)|2χ[γ,Ω)(s|ξ|) ≤
∑

s∈S�∩|ξ|−1[γ,Ω)

w�(s)M2s−2|ξ|−2

≤ M2(|ξ|−1γ)−2N |ξ|−2

= M2Nγ−2.

This settles the claim.
Secondly, we employ the hypothesis D−({(S�, w�)}L

�=1) > 0. We claim that
this implies that there exists A > 0 such that the first inequality in (5.15) is
satisfied. First, by Proposition 4.16, there exists some interval I ⊆ R

+ of
positive finite measure and some positive constant N satisfying

L∑

�=1

#w�
(S� ∩ ξI) > N for all ξ ∈ R

+. (5.16)

Since ξ = 0 is an isolated zero of ψ̂� for all � = 1, . . . , L, we can choose ε > 0
with ψ̂�(ξ) �= 0 for each ξ ∈ (0, ε), � = 1, . . . , L. Let ξ0 ∈ R

+ be chosen so
that ξ0I ⊆ (0, ε). Since ψ̂� is continuous, we have |ψ̂�(ξ)| ≥ δ on ξ0I for some
δ > 0 for all � = 1, . . . , L. Now fix some ξ ∈ R

+. Then (5.16) implies the
existence of some s0 ∈ S� for some � ∈ {1, . . . , L} such that s0 ∈ ξ−1ξ0I. This
immediately yields

L∑

�=1

∑

s∈S�

w�(s)|ψ̂�(sξ)|2 ≥
L∑

�=1

∑

s∈S�∩ξ−1ξ0I

w�(s)|ψ̂�(sξ)|2 ≥ Nδ2,

thereby proving our claim.
Now the implication (ii) ⇒ (i) and the moreover-part follow from our

considerations in the first part of this proof. ��

Remark 5.12. We point out that a related result on sufficient conditions for
irregular (weighted) wavelet frames was derived by Gröchenig in [62]. To
emphasize the difference to our Theorem 5.11, we observe that the focus in
[62, Thm. 1] is on the introduction of adaptive weights to compensate for local
variations of the sequence of time-scale indices, thereby deriving a weighted
wavelet frame, and does not employ the notion of density. The two results are
distinct and complementary.

We briefly remark on whether it is possible to weaken the hypotheses of
the previous proposition and on a possible improvement.
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Remark 5.13. (a) If ξ is not an isolated zero of ψ̂, it is easy to check that
the implication (ii) ⇒ (i) does not automatically hold. For instance, if we let
S = {2j}j∈Z, for which D−(S) = D+(S) = 1

ln 2 , and define ψ ∈ L2(R) by
ψ̂ = χ[1, 3

2 ), then
⋃

j∈Z
2j [1, 3

2 ) does not cover R. Hence W(ψ, S × T ) is not
even complete for any T ⊆ R.

(b) One might further ask, whether it is possible to include the values of
the frame bounds of the frame from (i) in condition (ii). However, it is not
too difficult to see that this is not possible. One reason is that in fact there
exists an abundance of possibilities for choosing E(T, r) with different frame
bounds as indicated by the moreover-part of Theorem 5.11, thus changing the
frame bounds of W(ψ, S × T, (w, 1)) while S and w remain the same.

Now the question arises, whether it is also sufficient to consider density
conditions concerning the existence of Parseval frames, in particular, whether
for some sequences of translations and analyzing wavelets satisfying mild
regularity conditions the associated wavelet frame is a Parseval frame provided
the (weighted) sequence of scale indices possesses a positive finite uniform
density. However, the following result shows that this would be too much to
hope for. One reason for this is that Parseval frames are very sensitive to
perturbations of the indices, but density is not (see Lemma 4.14).

Proposition 5.14. For any ψ ∈ L1(R)∩L2
A(R) with |ψ̂(ξ)| ≤ a|ξ|α as |ξ| → 0

for some a, α > 0, where ξ = 0 is an isolated zero of ψ̂, and |ψ̂(ξ)| = 0 for any
|ξ| ≥ Ω, and for any T ⊆ R satisfying that E(T, r) is a frame for L2[−r, r],
where r > 2Ω, there exists S ⊆ R

+ with positive finite uniform density such
that W(ψ, S × T ) does not form a Parseval frame for L2(R).

Proof. Let ψ ∈ L2(R)\{0} and T ⊆ R be chosen such that they satisfy the
hypotheses of the proposition. Further let Ω be chosen minimal with |ψ̂(ξ)| = 0
for any |ξ| ≥ Ω. Let C and D denote the frame bounds of E(T, r) in L2[−r, r].
By the hypotheses, ψ̂ is continuous, hence there exists an interval I ⊆ R and
δ > 0 such that |ψ̂(ξ)| ≥ δ for all ξ ∈ I. Without loss of generality we can
assume that I ⊆ R

+ and that there exists j0 ≥ 2 so that I is a proper subset
of ( Ω

2j0−1 , Ω
2j0−2 ]. Let 0 < ε < 1

D . Setting m := �( 1
C − 1

D + ε)/δ2� + 1, we
can choose m disjoint elements ak, 1 ≤ k ≤ m such that there exists U ⊆
( Ω
2j0+1 , Ω

2j0 ] of positive measure satisfying that akU ⊆ I for all k = 1, . . . , m.
In particular, this implies that ak > 2 for k = 1, . . . , m. Now define S ⊆ R

+

by S := {2j}j∈Z ∪{ak}m
k=1. An easy computation shows that S has a positive

finite uniform density equal to 1
ln 2 . By Proposition 5.3, it suffices to show that

provided ∑

s∈S

|ψ̂(sξ)|2 ≥ 1
D

for all ξ ∈ R
+,

there exists a set U ⊆ R of positive measure with
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∑

s∈S

|ψ̂(sξ)|2 >
1
C

for all ξ ∈ U.

Lemma 5.10 proves that there exists some 0 < γ < 1 with
∑

s∈S

|ψ̂(sξ)|2χ[0,γ)(sξ) < ε for all ξ ∈ R
+.

Noting that we can assume that γ = 2−j1Ω for some j1 ∈ Z by choosing γ
slightly smaller if necessary, we obtain that, for all ξ ∈ (Ω

2 , Ω],

1
D

≤
∑

s∈S

|ψ̂(sξ)|2 =
0∑

j=−∞
|ψ̂(2jξ)|2 ≤

0∑

j=−j1

|ψ̂(2jξ)|2 + ε. (5.17)

Now let ξ ∈ U . Using (5.17), we compute

∑

s∈S

|ψ̂(sξ)|2 =
j0∑

j=−∞
|ψ̂(2jξ)|2 +

m∑

k=1

|ψ̂(akξ)|2

≥
j0∑

j=j0−j1

|ψ̂(2jξ)|2 +
m∑

k=1

|ψ̂(akξ)|2

=
0∑

j=−j1

|ψ̂(2j2j0ξ)|2 +
m∑

k=1

|ψ̂(akξ)|2

≥ 1
D

− ε + mδ2 >
1
C

.

Hence the proposition is proved. ��

5.6 Existence of Special Weight Functions

In this section we examine whether there always exist weight functions such
that Theorem 5.11(ii) is satisfied, i.e., whether for S1, . . . , SL ⊆ R

+ we can
always construct weight functions w� : S� → R

+ for � = 1, . . . , L such that

0 < D−({(S�, w�)}L
�=1) ≤ D+({(S�, w�)}L

�=1) < ∞.

For simplicity, we will only consider the case L = 1.
The following result shows that for any sequence S in R

+, there always
exists a weight function such that the associated upper weighted density is
finite.

Proposition 5.15. Let S ⊆ R
+. Then there exists a weight function w : S →

R
+ with

D+(S,w) < ∞.

If D−(S) > 0, then there even exists a weight function w : S → R
+ such that

D−(S,w) = D+(S,w) = 1.
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Proof. Let S ⊆ R
+ be arbitrary and fix some h > 0. Then we define the

weight function w : S → R
+ in the following way. For each s ∈ S, we set

w(s) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

h

#(S∩ekh[e− h
2 ,e

h
2 ))

: if s ∈ ekh[e−
h
2 , e

h
2 ), k ∈ Z,

and #(S ∩ ekh[e−
h
2 , e

h
2 )) �= ∅,

0 : else.

Notice that w is constructed in such a way that either #w(S∩ekh[e−
h
2 , e

h
2 )) =

h or #w(S ∩ ekh[e−
h
2 , e

h
2 )) = 0 for any k ∈ Z. Since {ekh[e−

h
2 , e

h
2 )}k∈Z is a

partition of R
+, it is easy to see that D+(S,w) ≤ 1.

Next assume that S satisfies D−(S) > 0. Then, by Proposition 4.16, there
exists h > 0 such that infx∈R+ #(S ∩ x[e−

h
2 , e

h
2 )) > 0, i.e., each interval

x[e−
h
2 , e

h
2 ) contains at least one point from S. Defining w as above by choosing

this particular h settles the claim. ��

If S ⊆ R
+ is chosen such that D−(S) = 0, we cannot construct a weight

function to achieve a positive lower weighted density.

Proposition 5.16. Let S ⊆ R
+ with D−(S) = 0. Then for all weight func-

tions w : S → R
+ we have D−(S,w) = 0.

Proof. Fix an interval I ⊆ R
+ with 0 < µR+(I) < ∞. By Proposition 4.16,

we have
inf

x∈R+
#(S ∩ xI) = 0.

Hence there exists x0 ∈ R
+ with S ∩ x0I = ∅. Let w : S → R

+ be arbitrary.
Then we still have #w(S ∩ x0I) = 0. Applying Proposition 4.16 again shows
D−(S,w) = 0. ��

5.7 Co-Affine Systems

In the following we will study wavelet systems which are constructed by inter-
changing the translation and dilation operator. Recall that we already studied
a special case of co-affine systems arising from classical affine systems in Sec-
tion 4.3. Here we consider more general co-affine systems. Let S1, . . . , SL ⊆ R

+

with weight functions w� : S� → R
+ for � = 1, . . . , L be given. Further, let

T1, . . . , TL ⊆ R and ψ1, . . . , ψL ∈ L2(R). In this section we consider co-affine
systems of the form



5.7 Co-Affine Systems 83

L⋃

�=1

{w�(s)
1
2 TtDsψ� : (s, t) ∈ S� × T�}

=
L⋃

�=1

{w�(s)
1
2 DsT t

s
ψ� : (s, t) ∈ S� × T�}

=
L⋃

�=1

W(ψ�, {(s, t
s ) : (s, t) ∈ S� × T�}, (w�, 1)).

We first require the following lemma.

Lemma 5.17. Let T ⊆ R be discrete. Then the following conditions are equi-
valent.

(i) T + Z = T .

(ii) There exist pairwise disjoint ti ∈ [0, 1), i = 1, . . . , N , with T =
⋃N

i=1(ti+Z).

Proof. First assume that (i) holds. Then for each t ∈ T we have t + Z ⊆ T .
Thus we obtain

T =
⋃

t∈T

(t + Z) =
⋃

t∈T

((t + Z) ∩ [0, 1)) + Z.

In order for T to be discrete, the set (t+Z)∩ [0, 1) must be finite. Hence there
exist ti ∈ [0, 1), i = 1, . . . , N , with (t + Z) ∩ [0, 1) = {ti}N

i=1.
Conversely, suppose that (ii) holds, and let k ∈ Z. Then

T + k =
N⋃

i=1

(ti + Z) + k =
N⋃

i=1

(ti + k + Z) = T,

hence (i) holds. ��

The following result on the non-existence of co-affine frames extends the
result by Gressman, Labate, Weiss, and Wilson [61, Thm. 3] to weighted
wavelet systems with finitely many generators, whose Fourier transforms
satisfy a mild regularity condition, and with arbitrary sequences of scale
indices.

Theorem 5.18. Let S1, . . . , SL ⊆ R
+ with associated weight functions w� :

S� → R
+ for � = 1, . . . , L be given, and let T1, . . . , TL ⊆ R be such that

T� + Z = T� and 0 ∈ T� for � = 1, . . . , L. Further, let ψ1, . . . , ψL ∈ L1(R) ∩
L2

A(R)\{0} with |ψ̂�(ξ)| ≤ a|ξ|α as |ξ| → 0, and |ψ̂�(ξ)| ≤ b|ξ|−β as |ξ| → ∞
for some a, b, α, β > 0 and for all � = 1, . . . , L. Then the weighted co-affine
system

L⋃

�=1

W(ψ�, {(s, t
s ) : (s, t) ∈ S� × T�}, (w�, 1))

does not form a frame for L2(R).
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Proof. Towards a contradiction assume that the system
⋃L

�=1 W(ψ�, {(s, t
s ) :

(s, t) ∈ S�×T�}, (w�, 1)) does constitute a frame for L2(R) with frame bounds
A and B. Fix some f ∈ L2(R) and define F : R → R

+ by

F (x) =
L∑

�=1

∑

s∈S�

w�(s)
∑

t∈T�

∣∣〈f, σ(s, t+x
s )ψ�

〉∣∣2 .

Due to Lemma 5.17, for each x ∈ R, we have

F (x + 1) =
L∑

�=1

∑

s∈S�

w�(s)
∑

t∈T�

∣∣〈f, σ(s, t+x+1
s )ψ�

〉∣∣2

=
L∑

�=1

∑

s∈S�

w�(s)
N�∑

i=1

∑

k∈Z

∣∣∣
〈
f, σ(s, ti+(k+1)+x

s )ψ�

〉∣∣∣
2

= F (x).

Thus F is 1-periodic. Fix � ∈ {1, . . . , L}, i ∈ {1, . . . , N�}, and s ∈ S�. Using
Lemma 2.2, we compute

∑

k∈Z

∫ 1

0

∣∣〈f, σ(s, ti+k+x
s )ψ�

〉∣∣2 dx =
∑

k∈Z

∫ ti+1

ti

∣∣〈f, σ(s, k+x
s )ψ�

〉∣∣2 dx

=
∫ ∞

−∞

∣∣〈f, σ(s, y
s )ψ�

〉∣∣2 dy

=
∫ ∞

−∞
|Wψ�

f(s, y
s )|2dy

=
∫ ∞

−∞
|(f̂ · Ds−1 ψ̂�)∨(y)|2dy

= s

∫ ∞

−∞
|f̂(ξ)|2|ψ̂�(sξ)|2dξ.

Hence

∫ 1

0

F (x) dx =
L∑

�=1

N�

∑

s∈S�

w�(s)s
∫ ∞

−∞
|f̂(ξ)|2|ψ̂�(sξ)|2dξ.

Since ‖σ(1,−x)f‖2 = ‖f‖2 and

F (x) =
L∑

�=1

∑

s∈S�

w�(s)
∑

t∈T�

∣∣〈σ(1,−x)f, σ(s, t
s )ψ�

〉∣∣2 ,

we have A ‖f‖2
2 ≤ F (x) ≤ B ‖f‖2

2 for all x ∈ R. Together with the above
computation and an appropriate choice for f we obtain
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A ≤
L∑

�=1

N�

∑

s∈S�

w�(s)s|ψ̂�(sξ)|2 ≤ B for all ξ ∈ R. (5.18)

Now define v� : S� → R
+ by v�(s) = w�(s)s. Towards a contradiction, we

assume that there exists �0 ∈ {1, . . . , L} with D+(S�0 , v�0) = ∞. Since ψ̂�0 is
continuous, there exists an interval I ⊆ R

+ with positive finite measure such
that |ψ̂�0(ξ)|2 ≥ δ > 0 for all ξ ∈ I. Applying Proposition 4.15, for each n ∈ N,
there exists some ηn ∈ R

+ with #v�0
(S�0 ∩ ηnI) ≥ n. Hence,

∑

s∈S�0

v�0(s)|ψ̂�0(sη
−1
n )|2 ≥

∑

s∈S�0∩ηnI

v�0(s)|ψ̂�0(sη
−1
n )|2 ≥ δ n,

a contradiction to (5.18). Thus D+({(S�, v�)}L
�=1) < ∞ by Proposition 4.17.

Therefore we can apply Proposition 5.4 to (5.18), which yields

D−({(S�, C
+
ψ�

N�v�)}L
�=1) ≥ A > 0.

Thus, by Proposition 4.16, there exists an interval I ⊆ R
+ with positive finite

measure and δ > 0 such that, for all x ∈ R
+,

L∑

�=1

C+
ψ�

N�

∑

s∈S�∩xI

v�(s) =
L∑

�=1

C+
ψ�

N� #v�
(S� ∩ xI) > δ. (5.19)

For brevity of notation we now define Λ� = {(s, t
s ) : (s, t) ∈ S� × T�} for

all � = 1, . . . , L. Since
⋃L

�=1 W(ψ�, Λ�, (w�, 1)) constitutes a frame for L2(R),
by Theorem 4.1, it follows that D+({(Λ�, (w�, 1))}L

�=1) < ∞. By Proposition
3.4(i), this implies D+(Λ�, (w�, 1)) < ∞ for all � = 1, . . . , L. Let h > 0 be
such that I ⊆ Qh ∩ (R+ ×{0}). Now Proposition 3.6 implies that there exists
M < ∞ with

#(w�,1)(Λ� ∩ Qh(x, 0)) < M for all x ∈ R
+ and � = 1, . . . , L.

Since for each t ∈ T�\{0}, t
s → ∞ as s → 0, and since 0 ∈ T�, there exists an

x0 ∈ R
+ with Λ� ∩ Qh(x, 0) = S� × {0} for all 0 < x < x0 and � = 1, . . . , L.

Thus, in particular, there exists a constant C with

L∑

�=1

C+
ψ�

N�

∑

s∈S�∩xI

w�(s) =
L∑

�=1

C+
ψ�

N� #w�
(S�∩xI) < CM for all 0 < x < x0.

Setting I = [a, b], this implies

L∑

�=1

C+
ψ�

N�

∑

s∈S�∩xI

v�(s) =
L∑

�=1

C+
ψ�

N�

∑

s∈S�∩xI

w�(s)s

≤ xb
L∑

�=1

C+
ψ�

N�

∑

s∈S�∩xI

w�(s)

< xbCM → 0 as x → 0,
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a contradiction to (5.19). ��

We wish to mention that Proposition 4.10 does not follow as a corollary.
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Homogeneous Approximation Property

The Homogeneous Approximation Property (HAP) is a key property of Gabor
systems which not only leads to interesting approximation properties but also
to necessary conditions for Gabor frames in terms of the Beurling density
of the associated sequence of time-frequency indices. We show that, under
some mild regularity assumptions, wavelet frames also satisfy an analogue of
the HAP with respect to the affine group and that this leads to necessary
conditions for existence in terms of the affine density. In so doing, essential
differences from the Gabor case are also revealed: we see in the wavelet case
how the density is strongly tied to the generator of the frame, and there is no
Nyquist density.

We also obtain results on the HAP and related density conditions for
wavelet systems that are Schauder bases but not Riesz bases.

The main results in this chapter generalize the results obtained in Heil
and Kutyniok [75] to multiple generators.

6.1 Amalgam Spaces and the Continuous Wavelet
Transform

For our purposes, we will need the following particular amalgam spaces on the
affine group. For a brief review of amalgam spaces on locally compact groups,
we refer to Section 2.4.

Our first goal is to derive an equivalent discrete-type norm for WA(L∞, Lp).
For this, we need the following notation. Given h > 0, define the following
collection of translates of Qh:

Bjk = Bjk(h) = Qh(ejh, khe−
h
2 ), j, k ∈ Z. (6.1)

Proposition 6.1. If 1 ≤ p < ∞ and h > 0, then the following is an equivalent
norm for WA(L∞, Lp):
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‖F‖WA(L∞,Lp) =
(∑

j,k∈Z

∥∥F · χBjk

∥∥p

∞

) 1
p

. (6.2)

Proof. Define X = {(ejh, khe−
h
2 )}j,k∈Z. Lemma 3.5(i) says that X is Qh-

dense, and Lemma 3.5(ii) says that X is relatively separated. Lemma 3.5(iii)
implies that there exists N < ∞ with

1 ≤
∑

m,n∈Z

χ
Q2h(emh,nhe− h

2 )
(x, y) ≤ N for all (x, y) ∈ A.

Consequently, if we set

θjk =
φ((ejh, khe−

h
2 )−1 ·)∑

m,n∈Z

φ((emh, nhe−
h
2 )−1 ·)

,

where φ : A → R is continuous with 0 ≤ φ(x, y) ≤ 1 for all (x, y) ∈ A satisfying
that supp(φ) ⊆ Q2h, and φ|Qh

≡ 1, then {θjk}j,k∈Z is a BUPU. Therefore,

Theorem 2.10 implies that the norm defined by ‖F‖ =
(∑

j,k ‖F · θjk‖p
∞
) 1

p is
an equivalent norm for WA(L∞, Lp). Finally, because of Lemma 3.5(iii), this
norm is equivalent to the desired norm (6.2). ��

The amalgam space WA(C,Lp) is the closed subspace of WA(L∞, Lp) con-
sisting of the continuous functions in WA(L∞, Lp).

Corollary 6.2. If 1 ≤ p ≤ q < ∞, then WA(L∞, Lp) ⊆ WA(L∞, Lq).

We can now define the basic set of analyzing wavelets that we will use in
the remainder of this chapter.

Definition 6.3. The space B0 consists of all functions ψ on R which satisfy:

(i) |ψ(x)| ≤ C(1 + |x|)−α for some C > 0 and α > 2,
(ii) ψ ∈ C1(R), i.e., ψ is differentiable, and ψ′ is continuous and bounded,

and
(iii) ψ̂(0) = 0.

The most important property of the class B0 is that its elements possess
some time-scale concentration. This concentration is naturally measured by
the amalgam space properties of the continuous wavelet transform, as given
in the following theorem. The proof of this result is given in Section 6.2.

Theorem 6.4. (i) B0 ⊆ L2
A(R). In particular, every element of B0 is admis-

sible.
(ii) If f , ψ ∈ B0, then Wψf ∈ WA(C,L1).
(iii) If ψ ∈ B0, then Wψψ ∈ WA(C,L1).
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While it is possible to construct wavelet frames for L2(R) using generators
whose continuous wavelet transforms are not concentrated in time and scale,
in practice such frames will have limited applicability. For example, in order
that frame expansions converge in a range of function spaces rather than just
L2, or in order that the frame coefficients encode more properties of functions
than just L2-norm, requires analyzing wavelets with some regularity.

Note that if we let SA = {ψ ∈ S(R) : ψ̂(0) = 0} be the set of admissible
Schwartz-class functions, then SA ⊆ B0 ⊆ L2

A(R). Thus the basic class B0 is
dense in the set of admissible wavelets, which is itself dense in L2(R).

In Gabor analysis, the basic space of windows that can reasonably be used
as generators of Gabor frames is the Feichtinger algebra S0 [47], which is
also known as the modulation space M1 (we refer to [63] for details on the
modulation spaces; compare also Section 2.3). The natural analog of S0 for
wavelet analysis would be the space B consisting of all functions ψ such that
Wψψ ∈ WA(C,L1). Our space B0 is slightly smaller, and we expect that our
results should actually hold for all ψ ∈ B, although we cannot yet prove this.

6.2 The Basic Class B0

In this section we will prove Theorem 6.4.
First, we require the following two results concerning decay of the CWT.

The first result is similar to the result [41, Thm. 2.9.1] by Daubechies.

Theorem 6.5. Assume that

(i)
∫∞
−∞(1 + |x|) |ψ(x)| dx < ∞,

(ii) f ∈ C1(R), i.e., f is differentiable and f ′ is continuous and bounded, and

(iii) ψ̂(0) = 0.

Then there exists C > 0 such that |Wψf(a, b)| ≤ C a
3
2 for all (a, b) ∈ A.

Proof. By the Mean-Value Theorem, we have |f(x) − f(y)| ≤ ‖f ′‖∞ |x − y|.
Therefore,

|Wψf(a, b)| =
∣∣∣∣a

− 1
2

∫ ∞

−∞
f(x)ψ(x

a − b) dx − a− 1
2 f(ab)

∫ ∞

−∞
ψ(x

a − b) dx

∣∣∣∣

≤ a− 1
2

∫ ∞

−∞
|f(x) − f(ab)| |ψ(x

a − b)| dx

≤ a− 1
2 ‖f ′‖∞

∫ ∞

−∞
|x − ab| |ψ(x−ab

a )| dx

= a− 1
2 ‖f ′‖∞ a2

∫ ∞

−∞
|xψ(x)| dx

= C a
3
2 .
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This settles the claim. ��

Theorem 6.6. Assume that the functions ψ and f satisfy

|ψ(x)| ≤ C(1 + |x|)−α and |f(x)| ≤ C(1 + |x|)−α

for some C > 0 and α > 1. Then there exists C ′ > 0 such that

|Wψf(a, b)| ≤ C ′ a
1
2

1 + a

(
1 +

a|b|
1 + a

)−α

for all (a, b) ∈ A.

Proof. The wavelet transform W̃ψf used in Holschneider [83] is related to the
wavelet transform of this book by the equality W̃ψf(a, b) = a− 1

2 Wψf(a, b
a ).

By [83, Thm. 11.0.2], we have

|W̃ψf(a, b)| ≤ C ′ 1
1 + a

(
1 +

|b|
1 + a

)−α

.

A change of variables therefore completes the proof. ��

We can now prove Theorem 6.4.

Proof (of Theorem 6.4). Assume that ψ, f belong to B0. In particular, we
have that

(i) there exists C > 0 and α > 2 such that |f(x)|, |ψ(x)| ≤ C(1 + |x|)−α,
(ii) f , ψ ∈ C1(R), and

(iii) f̂(0) = ψ̂(0) = 0.

Since α > 2, we have that ψ ∈ L2(R) ∩ L1(R). Since we also have ψ̂(0) = 0,
this implies that ψ is admissible, cf. [41, p. 24].

Furthermore,
∫ ∞

−∞
(1 + |x|) |ψ(x)| dx ≤ C

∫ ∞

−∞
(1 + |x|)1−α dx < ∞. (6.3)

Consequently, Theorem 6.5 implies that there exists C1 > 0 such that

|Wψf(a, b)| ≤ C1 a
3
2 for all (a, b) ∈ A. (6.4)

Additionally, by Theorem 6.6, there exists C2 > 0 such that

|Wψf(a, b)| ≤ C2
a

1
2

1 + a

(
1 +

a|b|
1 + a

)−α

for all (a, b) ∈ A. (6.5)

Now set h = 1, and let Bjk = Bjk(1) = Q1(ej , ke−
1
2 ) as in (6.1). Since

α > 2, we can find γ such that 2α−1
α−1 < γ < 3. Set Nj = e−

γj
2 +1.

Define
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S1 =
∞∑

j=1

∑

k∈Z

∥∥Wψf · χBjk

∥∥
∞ ,

S2 =
0∑

j=−∞

∑

|k|≤Nj

∥∥Wψf · χBjk

∥∥
∞ ,

S3 =
0∑

j=−∞

∑

|k|>Nj

∥∥Wψf · χBjk

∥∥
∞ .

We will show that S1, S2, S3 < ∞. This implies by Proposition 6.1 that we
have Wψf ∈ WA(L∞, L1), and since we already know that Wψf is continuous,
the proof will be complete.

Before doing this, however, let us make a generic observation. If we take
a point (a, b) ∈ Bjk for some j, k ∈ Z, then

(a, b) = (ej , ke−
1
2 )(x, y) = (ejx, k

xe−
1
2 + y)

for some (x, y) ∈ Q1 = [e−
1
2 , e

1
2 ) × [− 1

2 , 1
2 ). Therefore

ej− 1
2 ≤ a ≤ ej+ 1

2 and
|k|
e

− 1
2
≤ |b| ≤ |k| + 1

2
.

Estimate S1. Suppose that (a, b) ∈ Bjk with j > 0, k ∈ Z. Then a ≥ 1, so

1 +
a|b|

1 + a
≥ 1 +

|b|
2

≥ 1 +
|k|
2e

− 1
4

=
2|k| + 3e

4e
.

Hence, we have from (6.5) that

|Wψf(a, b)| ≤ C2
e

j+ 1
2

2

1 + ej− 1
2

(
4e

2|k| + 3e

)α

≤ C3 e−
j
2

1
(2|k| + 3e)α

.

Since α > 1, we therefore have

S1 =
∞∑

j=1

∑

k∈Z

∥∥Wψf · χBjk

∥∥
∞ ≤ C3

∞∑

j=1

e−
j
2

∑

k∈Z

1
(2|k| + 3e)α

< ∞.

Estimate S2. Suppose that (a, b) ∈ Bjk with j ≤ 0, |k| ≤ Nj = e−
γj
2 +1.

By (6.4), we have
|Wψf(a, b)| ≤ C1 a

3
2 ≤ C4 e

3
2 j .

Therefore, since Nj ≥ 1 for all j ≤ 0, we have
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S2 =
0∑

j=−∞

∑

|k|≤Nj

∥∥Wψf · χBjk

∥∥
∞ ≤

0∑

j=−∞

∑

|k|≤Nj

C4 e
3
2 j

≤ C4

0∑

j=−∞
(2Nj + 1)e

3
2 j

≤ 3eC4

0∑

j=−∞
e−

γj
2 + 3

2 j < ∞,

the finiteness following from the fact that γ < 3.

Estimate S3. If (a, b) ∈ Bjk with j ≤ 0, |k| > Nj = e−
γj
2 +1, then, since

a ≤ 1,

1 +
a|b|

1 + a
≥ a|b|

2
≥ ej− 1

2

2

(
|k|
e

− 1
2

)
= ej

(
2|k| − e

4e
3
2

)
.

Therefore, by (6.5) and the fact that |k| > Nj ≥ e, we have

|Wψf(a, b)| ≤ C2
e

j+ 1
2

2

1 + 0

(
e−j 4e

3
2

2|k| − e

)α

= C5 ej( 1
2−α) 1

(2|k| − e)α
.

Now, since Nj ≥ e we have for each j ≤ 0 that
∑

|k|>Nj

1
(2|k| − e)α

≤ 2
∫ ∞

Nj

1
(2x − e)α

dx =
1

α − 1
1

(2Nj − e)α−1

≤ 1
α − 1

N1−α
j

=
e1−α

α − 1
e

γj
2 (α−1).

Hence

S3 =
0∑

j=−∞

∑

|k|>Nj

∥∥Wψf · χBjk

∥∥
∞ ≤

0∑

j=−∞

∑

|k|>Nj

C5 ej( 1
2−α) 1

(2|k| − e)α

≤ C6

0∑

j=−∞
ej( 1

2−α) e
γj
2 (α−1)

= C6

0∑

j=−∞
e

j
2 (1−2α+γ(α−1)).

However,

1 − 2α + γ(α − 1) > 1 − 2α +
2α − 1
α − 1

(α − 1) = 0,

so we have S3 < ∞. ��



6.3 The Homogeneous Approximation Property for Wavelet Frames 93

6.3 The Homogeneous Approximation Property for
Wavelet Frames

In this section we define two versions of the HAP and prove that wavelet
frames with generators from our basic class B0 satisfy the Strong HAP. Recall
that if

⋃L
�=1 W(ψ�, Λ�) is a frame for L2(R) then a canonical dual frame exists

in L2(R), but that dual frame need not itself be a wavelet frame.
In the following we will denote the distance from f ∈ L2(R) to a closed

subspace V ⊆ L2(R) by dist(f, V ) = inf{‖f − v‖ : v ∈ V } = ‖f − PV f‖,
where PV is the orthogonal projection of L2(R) onto V .

Definition 6.7. Let ψ1, . . . , ψL ∈ L2(R) and Λ1, . . . , ΛL ⊆ A be such that the
system

⋃L
�=1 W(ψ�, Λ�) = {σ(a, b)ψ�}(a,b)∈Λ�,�=1,...,L is a wavelet frame for

L2(R), and let its canonical dual frame be denoted by {ψ̃a,b,�}(a,b)∈Λ�,�=1,...,L.
For each h > 0 and (p, q) ∈ A, define a space

W (h, p, q) = span
{
ψ̃a,b,� : (a, b) ∈ Qh(p, q) ∩ Λ�, � = 1, . . . , L

}
. (6.6)

(a) We say that the system
⋃L

�=1 W(ψ�, Λ�) possesses the Weak Homogeneous
Approximation Property (Weak HAP) if for each f ∈ L2(R),

∀ ε > 0, ∃R = R(f, ε) > 0 such that

∀ (p, q) ∈ A, dist
(
σ(p, q)f, W (R, p, q)

)
< ε.

(6.7)

(b) We say that the system
⋃L

�=1 W(ψ�, Λ�) possesses the Strong Homoge-
neous Approximation Property (Strong HAP) if given any f ∈ L2(R)

∀ ε > 0, ∃R = R(f, ε) > 0 such that ∀ (p, q) ∈ A,

∥∥∥σ(p, q)f −
L∑

�=1

∑

(a,b)∈QR(p,q)∩Λ�

〈
σ(p, q)f, σ(a, b)ψ�

〉
ψ̃a,b,�

∥∥∥
2
< ε.

(6.8)

In either case we call R(f, ε) an associated radius function.

Remark 6.8. (a) By Theorem 4.1, we have D+(
⋃L

�=1 Λ�) < ∞, and hence, by
Proposition 3.4(i), it follows that D+(Λ�) < ∞ for all � = 1, . . . , L. Hence
there are only finitely many points of Λ� in each box Qh(p, q), and hence
W (h, p, q) is finite-dimensional.

(b) Since it is a linear combination of elements in W (R, p, q), it is obvi-
ous that the function

∑L
�=1

∑
(a,b)∈QR(p,q)∩Λ�

〈
σ(p, q)f, σ(a, b)ψ�

〉
ψ̃a,b,� is one

element of the space W (R, p, q), so the Strong HAP implies the Weak HAP.

(c) The terminology for Weak and Strong HAP used in the preceding
definition is analogous to that used in Balan, Casazza, Heil, and Z. Landau [6],



94 6 Homogeneous Approximation Property

but differs from that used in Christensen, Deng, and Heil [22]. Specifically, the
definition of “Strong HAP” in [22] was equivalent to the definition of “Weak
HAP” in [22], and both of those are consistent with the definition of the Weak
HAP used in this chapter.

First we require the following technical result.

Lemma 6.9. Let δ > 0 and R′ > 1 be given, and define

R = R′eδ + δeδ + δe2δ.

Then for every (p, q) ∈ A we have

Qδ(p, q) \ QR �= ∅ =⇒ Qδ(p, q) ∩ QR′ = ∅.

Proof. Suppose that (p, q) ∈ A and there exists (a, b) ∈ Qδ(p, q) \ QR. We
must show that if (c, d) ∈ Qδ then

(pc, q
c + d) = (p, q)(c, d) /∈ QR′ .

We proceed through cases, based on the facts that

(a, b) /∈ QR = [e−
R
2 , e

R
2 ) × [−R

2 , R
2 ), (6.9)

(a
p ,−pq

a + b) = (p, q)−1(a, b) ∈ Qδ = [e−
δ
2 , e

δ
2 ) × [− δ

2 , δ
2 ), (6.10)

(c, d) ∈ Qδ = [e−
δ
2 , e

δ
2 ) × [− δ

2 , δ
2 ). (6.11)

Suppose that a ≥ e
R
2 . Then, using (6.9)–(6.11),

pc =
p

a
a c ≥ e−

δ
2 e

R
2 e−

δ
2 = e

R
2 −δ ≥ e

R′
2 ,

the last inequality following from the fact that R = R′eδ + δeδ + δe2δ ≥
R′ + δ + δ. Similarly, if a < e−

R
2 then pc < e−

R′
2 . In either case we conclude

that (p, q)(c, d) /∈ QR′ .
Now consider the case b ≥ R

2 . We have

q

c
+ d = −a

p

1
c

(
−pq

a
+ b
)

+ b
a

p

1
c

+ d ≥ −e
δ
2 e

δ
2
δ

2
+

R

2
e−

δ
2 e−

δ
2 − δ

2
=

R′

2
.

Similarly, if b < −R
2 then q

c + d < −R′

2 . In either case we conclude that
(p, q)(c, d) /∈ QR′ . ��

The following theorem now shows that provided the analyzing wavelets
satisfy a mild regularity condition and the associated wavelet system forms a
frame, then this system automatically fulfills the strong HAP.

Theorem 6.10. Let ψ1, . . . , ψL ∈ B0 and Λ1, . . . , ΛL ⊆ A be such that⋃L
�=1 W(ψ�, Λ�) is a frame for L2(R). Then

⋃L
�=1 W(ψ�, Λ�) satisfies the

Strong HAP.
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Proof. Let A, B be frame bounds for
⋃L

�=1 W(ψ�, Λ�). In this case 1
B , 1

A are
frame bounds for the canonical dual frame {ψ̃a,b,�}(a,b)∈Λ�,�=1,...,L.

First we will show that the conditions of the Strong HAP, i.e., equation
(6.8), are satisfied for functions in B0, and then extend by density to all of
L2(R). Choose g ∈ B0 and fix ε > 0. Choose any δ > 0. By Theorem 4.1, we
have D+(

⋃L
�=1 Λ�) < ∞, and hence, by Proposition 3.4(i), D+(Λ�) < ∞ for

all � = 1, . . . , L. This implies that

M = max
�=1,...,L

sup
(x,y)∈A

#(Λ� ∩ Qδ(x, y)) < ∞.

Then for any � ∈ {1, . . . , L} and (p, q) ∈ A we also have

sup
(x,y)∈A

#((p, q)−1 ·Λ�∩Qδ(x, y)) = sup
(x,y)∈A

#(Λ�∩Qδ((p, q) ·(x, y))) ≤ M < ∞.

Since g, ψ� ∈ B0, it follows from Theorem 6.4 that Wψ�
g ∈ WA(C,L1) ⊆

WA(C,L2) for all � = 1, . . . , L. By Lemma 3.5, the sets Bjk = Bjk(δ)
defined by (6.1) cover A, with no element of this family intersecting more than
3(2eδ + 1) of the others. Considering the discrete-type norm for WA(C,L2)
given in (6.2), we conclude that if R′ is large enough and we set

J =
{
(j, k) ∈ Z

2 : Bjk ∩ QR′ = ∅
}
, (6.12)

then
L∑

�=1

∑

(j,k)∈J

∥∥Wψ�
g · χBjk

∥∥2
∞<

Aε2

M
. (6.13)

Now set R = R(g, ε) = R′eδ +δeδ +δe2δ and consider any point (p, q) ∈ A.
The function σ(p, q)g has the frame expansion

σ(p, q)g =
L∑

�=1

∑

(a,b)∈Λ�

〈
σ(p, q)g, σ(a, b)ψ�

〉
ψ̃a,b,�.

By applying equation (2.2) we have

∥∥∥σ(p, q)g −
L∑

�=1

∑

(a,b)∈QR(p,q)∩Λ�

〈
σ(p, q)g, σ(a, b)ψ�

〉
ψ̃a,b,�

∥∥∥
2

2

=
∥∥∥

L∑

�=1

∑

(a,b)∈Λ�\QR(p,q)

〈
σ(p, q)g, σ(a, b)ψ�

〉
ψ̃a,b,�

∥∥∥
2

2

≤ 1
A

L∑

�=1

∑

(a,b)∈Λ�\QR(p,q)

∣∣〈g, σ((p, q)−1(a, b))ψ�

〉∣∣2
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=
1
A

L∑

�=1

∑

(a,b)∈Λ�\QR(p,q)

∣∣Wψ�
g((p, q)−1(a, b))

∣∣2

=
1
A

L∑

�=1

∑

(c,d)∈(p,q)−1·Λ�\QR

∣∣Wψ�
g(c, d)

∣∣2. (6.14)

Now, each point (c, d) ∈ (p, q)−1 · Λ� \ QR must lie in some set Bjk, and
furthermore by Lemma 6.9 can only do so when Bjk ∩ QR′ = ∅, i.e., when
(j, k) ∈ J . Moreover, each set Bjk can contain at most M elements of (p, q)−1 ·
Λ�. Hence, using (6.13), we can continue (6.14) as follows:

1
A

L∑

�=1

∑

(c,d)∈(p,q)−1Λ�\QR

∣∣Wψ�
g(c, d)

∣∣2 ≤ M

A

L∑

�=1

∑

(j,k)∈J

∥∥Wψ�
g · χBjk

∥∥2
∞< ε2.

Thus (6.8) is satisfied for the function g.
Now suppose that f is any function in L2(R), and choose any ε > 0. Since

B0 is dense in L2(R), there exists g ∈ B0 such that

‖f − g‖2 <
εA

1
2

3B
1
2
.

Set R(f, ε) = R(g, ε
3 ), and denote this quantity by R. Then for any (p, q) ∈ A,

we have
∥∥∥σ(p, q)f −

L∑

�=1

∑

(a,b)∈QR(p,q)∩Λ�

〈
σ(p, q)f, σ(a, b)ψ�

〉
ψ̃a,b,�

∥∥∥
2

≤
∥∥σ(p, q)f − σ(p, q)g

∥∥
2

+
∥∥∥σ(p, q)g −

L∑

�=1

∑

(a,b)∈QR(p,q)∩Λ�

〈
σ(p, q)g, σ(a, b)ψ�

〉
ψ̃a,b,�

∥∥∥
2

+
∥∥∥

L∑

�=1

∑

(a,b)∈QR(p,q)∩Λ�

〈
σ(p, q)g − σ(p, q)f, σ(a, b)ψ�

〉
ψ̃a,b,�

∥∥∥
2

<
εA

1
2

3B
1
2

+
ε

3
+
(

1
A

L∑

�=1

∑

(a,b)∈QR(p,q)∩Λ�

∣∣〈σ(p, q)g − σ(p, q)f, σ(a, b)ψ�

〉∣∣2
) 1

2

≤ ε

3
+

ε

3
+
(

B

A

∥∥σ(p, q)g − σ(p, q)f
∥∥2

2

) 1
2

< ε.

In the above calculation, the second inequality uses the fact that g satisfies
the Strong HAP and that {ψ̃a,b,�}(a,b)∈Λ�,�=1,...,L has an upper frame bound of
1
A . The third inequality follows from the fact that {σ(a, b)ψ�}(a,b)∈Λ�,�=1,...,L

has an upper frame bound of B. Thus (6.8) is satisfied for the function f , so⋃L
�=1 W(ψ�, Λ�) satisfies the Strong HAP. ��
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6.4 The Comparison Theorem for Wavelet Frames

We will see that wavelet frames satisfying the Weak HAP must fulfill certain
density conditions with respect to other wavelet Riesz bases. In particular, by
Theorem 6.10, these results apply to all wavelet frames

⋃L
�=1 W(ψ�, Λ�) with

generators ψ1, . . . , ψL ∈ B0.
Note that in the following result, the reference Riesz basis W(φ,∆) is

not required to satisfy the HAP, so any Riesz basis can be used, including
the classical affine orthonormal bases. However, there is a very important
difference between this result and the analogous Comparison Theorem for
Gabor systems [22, Thm. 3.6], namely that the density estimate depends
on the value of the radius function associated to the frame

⋃L
�=1 W(ψ�, Λ�),

whereas in the Gabor case it is independent of this value.
In our proof we will employ the double-projection technique from

Ramanathan and Steger [107].

Theorem 6.11 (Comparison Theorem). Assume that

(i) ψ1, . . . , ψL ∈ L2(R) and Λ1, . . . , ΛL ⊆ A are such that
⋃L

�=1 W(ψ�, Λ�) is
a frame for L2(R) that satisfies the Weak HAP, and

(ii) φ ∈ L2(R) and ∆ ⊆ A are such that W(φ,∆) is a Riesz basis for L2(R).

Let {φ̃a,b}(a,b)∈∆ denote the canonical dual frame of W(φ,∆), and set

C = sup
(a,b)∈∆

‖φ̃a,b‖2. (6.15)

Then for each ε > 0, by setting Λ =
⋃L

�=1 Λ�, we have

1 − Cε

eR(φ,ε)
D−(∆) ≤ D−(Λ) and

1 − Cε

eR(φ,ε)
D+(∆) ≤ D+(Λ).

Proof. Note that the elements of any frame are uniformly bounded in norm,
so the value C defined in (6.15) is indeed finite. Let {ψ̃a,b,�}(a,b)∈Λ�,�=1,...,L

denote the canonical dual frame of
⋃L

�=1 W(ψ�, Λ�).
For each h > 0 and (p, q) ∈ A, define

W (h, p, q) = span
{
ψ̃a,b,� : (a, b) ∈ Qh(p, q) ∩ Λ�, � = 1, . . . , L

}
,

V (h, p, q) = span
{
σ(a, b)φ : (a, b) ∈ Qh(p, q) ∩ ∆

}
.

These spaces are finite-dimensional.
Fix any ε > 0, and let R = R(φ, ε) be the value such that (6.7) holds for

the function f = φ. Let (p, q) ∈ A, h > 0, � ∈ {1, . . . , L}, and (a, b) ∈ Qh(p, q)
be given. If (x, y) ∈ QR(a, b) ∩ Λ�, then since Qh · QR ⊆ Q

e
R
2 h+R

, we have

(x, y) ∈ QR(a, b) ⊆ (p, q) · Qh · QR ⊆ Q
e

R
2 h+R

(p, q).
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Thus (x, y) ∈ Q
e

R
2 h+R

(p, q) ∩ Λ�, which in turn implies

W (R, a, b) ⊆ W (e
R
2 h + R, p, q).

Combining this with the definition of the Weak HAP, we see that

dist
(
σ(a, b)φ, W (e

R
2 h + R, p, q)

)
≤ dist

(
σ(a, b)φ, W (R, a, b)

)
< ε, (6.16)

and this is valid for all (p, q) ∈ A, h > 0, and (a, b) ∈ Qh(p, q).
Now let h > 0 and (p, q) ∈ A be fixed. Denote the orthogonal projections

of L2(R) onto V (h, p, q) and W (e
R
2 h + R, p, q) by PV and PW , respectively.

Additionally, define the map T : V (h, p, q) → V (h, p, q) by T = PV PW . Since
the domain of T is V (h, p, q), we have T = PV PW PV , and hence T is self-
adjoint.

By definition,
{
σ(a, b)φ : (a, b) ∈ Qh(p, q) ∩ ∆

}
is a basis for V (h, p, q).

Although the elements φ̃a,b corresponding to the same indices need not lie
in V (h, p, q), their orthogonal projections are in that space, and we have for
(a, b) and (c, d) in Qh(p, q) ∩ ∆ that

〈
σ(a, b)φ, PV (φ̃c,d)

〉
=
〈
PV (σ(a, b)φ), φ̃c,d

〉

=
〈
σ(a, b)φ, φ̃c,d

〉

= δa,c δb,d. (6.17)

Since V (h, p, q) is finite-dimensional, this implies that
{
PV (φ̃a,b) : (a, b) ∈

Qh(p, q)∩∆
}

is the dual basis to
{
σ(a, b)φ : (a, b) ∈ Qh(p, q)∩∆

}
in V (h, p, q).

Consequently, the trace of T is

tr(T ) =
∑

(a,b)∈Qh(p,q)∩∆

〈
T (σ(a, b)φ), PV (φ̃a,b)

〉

=
∑

(a,b)∈Qh(p,q)∩∆

〈
PV T (σ(a, b)φ), φ̃a,b

〉

=
∑

(a,b)∈Qh(p,q)∩∆

〈
T (σ(a, b)φ), φ̃a,b

〉
.

Now, for (a, b) ∈ Qh(p, q) ∩ ∆, we have
〈
T (σ(a, b)φ), φ̃a,b

〉

=
〈
PV PW (σ(a, b)φ), φ̃a,b

〉

=
〈
PW (σ(a, b)φ), PV (φ̃a,b)

〉

=
〈
σ(a, b)φ, PV (φ̃a,b)

〉
+
〈
(PW − I)(σ(a, b)φ), PV (φ̃a,b)

〉
. (6.18)

By (6.17), the first term in (6.18) is
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〈
σ(a, b)φ, PV (φ̃a,b)

〉
= 1.

By the Cauchy–Schwarz inequality and equations (6.15) and (6.16), the second
term in (6.18) is bounded by
∣∣〈(PW −I)(σ(a, b)φ), PV (φ̃a,b)

〉∣∣ ≤ ‖(PW − I)(σ(a, b)φ)‖2 ‖PV (φ̃a,b)‖2 ≤ εC.

This yields a lower bound for the trace of T :

tr(T ) ≥
∑

(a,b)∈Qh(p,q)∩∆

(1 − Cε) = (1 − Cε)#(Qh(p, q) ∩ ∆).

On the other hand, the operator norm of T satisfies ‖T‖ ≤ ‖PV ‖ ‖PW ‖ ≤ 1,
so all eigenvalues of T must satisfy |λ| ≤ ‖T‖ ≤ 1. This in turn provides us
with an upper bound for the trace of T , because the trace is the sum of the
nonzero eigenvalues, so

tr(T ) ≤ rank(T ) ≤ dim
(
W (e

R
2 h + R, p, q)

)
≤ #(Q

e
R
2 h+R

(p, q) ∩
⋃L

�=1Λ�).

Combining these two estimates, we see that for each h > 0 and all (p, q) ∈ A,
we have

(1 − Cε)#(Qh(p, q) ∩ ∆) ≤ #(Q
e

R
2 h+R

(p, q) ∩ Λ).

Therefore,

(1 − Cε)
#(Qh(p, q) ∩ ∆)

h2
≤

#(Q
e

R
2 h+R

(p, q) ∩ Λ)

(e
R
2 h + R)2

(e
R
2 h + R)2

h2
.

Taking the infimum over all points (p, q) ∈ A and then the liminf as h → ∞,
or the supremum over all points (p, q) ∈ A and then the limsup as h → ∞,
therefore yields the estimates

(1 − Cε)D−(∆) ≤ eR D−(Λ) and (1 − Cε)D+(∆) ≤ eR D+(Λ).

Since we took R = R(φ, ε), this completes the proof. ��

As a corollary, we obtain the following necessary density condition. This
density condition was also obtained in Theorem 4.2, but with the restric-
tive additional hypothesis that D+(

⋃L
�=1 Λ−1

� ) < ∞. Moreover, Theorem 6.11
provides more information, in terms of the value of the associated radius func-
tion, than merely the fact that D−(

⋃L
�=1 Λ�) must be positive. In particular,

the following result applies to any frame generated by analyzing wavelets
ψ1, . . . , ψL ∈ B0, since by Theorem 6.10, such a frame will satisfy the Strong
(and hence the Weak) HAP. We further mention that a similar result for
singly generated wavelet systems with analyzing wavelets satisfying a differ-
ent regularity condition, however without any additional information on the
value of the lower density, was derived by Sun and Zhou [119, Thm. 3.4] for
their notion of density.
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Corollary 6.12. Let ψ1, . . . , ψL ∈ L2(R) and Λ1, . . . , ΛL ⊆ A be such that
the system

⋃L
�=1 W(ψ�, Λ�) is a frame for L2(R) that satisfies the Weak HAP.

Then, by setting Λ =
⋃L

�=1 Λ�, we have

0 < D−(Λ) ≤ D+(Λ) < ∞.

Proof. The fact that D+(Λ) < ∞ follows from Theorem 4.1 and Remark
3.2(a). To show that the lower affine density is positive, let φ = χ

[0, 1
2 )−χ

[ 12 ,1) ∈
L2(R) be the Haar wavelet and set ∆ = {(2j , k)}j,k∈Z. Then W(φ,∆) is the
classical Haar orthonormal basis for L2(R). Lemma 3.3 shows that D−(∆) =
1

ln 2 . Therefore, Theorem 6.11 applied to the frame
⋃L

�=1 W(ψ�, Λ�) and the
Haar basis W(φ,∆) implies that for any 0 < ε < 1 we have

D−(Λ) ≥ 1 − ε

eR(φ,ε) ln 2
> 0,

which finishes the proof. ��

6.5 Density Results for Wavelet Schauder Bases

In this section we will derive some results for wavelet systems which form
Schauder bases for L2(R).

The existence of a wavelet Schauder basis (albeit requiring two generators)
which is not a Riesz basis is shown in the following example.

Example 6.13. Fix 0 < α < 1
2 . Define a function ψ by ψ̂(ξ) = |ξ − 3

2 |α
for ξ ∈ [1, 2] and zero otherwise. It is a nontrivial result of Babenko [3]
that {e2πimξψ̂(ξ)}m∈Z forms a Schauder basis for L2[1, 2] (with respect to
an appropriate ordering of Z), but this Schauder basis is not a Riesz basis for
L2([1, 2]) (see also the discussion in Singer [114, pp. 351–354]). An argument
similar to the one used in Deng and Heil [45, Ex. 3.3] then shows that if we
set Λ = {(2j , k)}j,k∈Z, then there exists an ordering of Λ such that W(ψ,Λ) is
a Schauder basis but not a Riesz basis for H2

+, which is the space consisting
of functions in L2(R) whose Fourier transforms are supported in [0,∞). If we
define ψ− by ψ̂−(ξ) = ψ̂(−ξ), then W(ψ,Λ) ∪W(ψ−, Λ) is a Schauder basis
but not a Riesz basis for L2(R). However, it is possible to show that this sys-
tem possesses an upper frame bound but not a lower frame bound, and hence
its dual basis possesses a lower frame bound but not an upper frame bound.

We first show that the upper affine density of any wavelet Schauder basic
sequence must be finite.

Proposition 6.14. Let ψ1, . . . , ψL ∈ L2(R) and Λ1, . . . , ΛL ⊆ A be such that
the system

⋃L
�=1 W(ψ�, Λ�) is a Schauder basic sequence in L2(R). Then, by

setting Λ =
⋃L

�=1 Λ�, we have D+(Λ) < ∞.
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Proof. Suppose that the sequence
⋃L

�=1 W(ψ�, Λ�) is a Schauder basis for
Y = span{

⋃L
�=1 W(ψ�, Λ�)} ⊆ L2(R). Schauder bases are countable, so let

Λ� = {(a�k, b�k)}k∈N be an ordering of Λ� for all � = 1, . . . , L with respect to
which the basis expansions converge in Y . Let W̃ = {ψ̃�k}�=1,...,L,k∈N denote
the dual basis in Y . Let S�N (f) =

∑N
k=1〈f, ψ̃�k〉σ(a�k, b�k)ψ� denote the as-

sociated partial sum operators for each � = 1, . . . , L.
Fix ε > 0. Since translation and dilation are strongly continuous families

of operators on L2(R), there exists δ > 0 such that

‖σ(a, b)ψ� − ψ�‖2 = ‖DaTbψ� − ψ�‖2 < ε for all � = 1, . . . , L and (a, b) ∈ Qδ.

Fix � ∈ {1, . . . , L}. Suppose that there exist two points (a�m, b�m) and
(a�n, b�n) from Λ� that are both contained in some box Qδ(x, y). Without loss
of generality, assume m < n. If we define

ϕm,n,� = σ(a�m, b�m)ψ� − σ(a�n, b�n)ψ�,

then since (x, y)−1 · (a�m, b�m) ∈ Qδ and (x, y)−1 · (a�n, b�n) ∈ Qδ, we have

‖ϕm,n,�‖2

=
∥∥σ((x, y)−1 · (a�m, b�m))ψ� − σ((x, y)−1 · (a�n, b�n))ψ�

∥∥
2

≤
∥∥σ((x, y)−1 · (a�m, b�m))ψ� − ψ�

∥∥
2

+
∥∥σ((x, y)−1 · (a�n, b�n))ψ� − ψ�

∥∥
2

< 2ε.

However, since
⋃L

�=1 W(ψ�, Λ�) and W̃ are biorthogonal,

S�m(ϕm,n,�) =
m∑

k=1

〈
σ(a�m, b�m)ψ�, ψ̃�k

〉
σ(a�k, b�k)ψ�

−
m∑

k=1

〈
σ(a�n, b�n)ψ�, ψ̃�k

〉
σ(a�k, b�k)ψ�

= σ(a�m, b�m)ψ�,

and therefore ‖S�m(ϕm,n,�)‖2 = ‖σ(a�m, b�m)ψ�‖2 = ‖ψ�‖2. But then

‖S�m‖ = sup
‖f‖2=1

‖S�m(f)‖2 ≥ ‖S�m(ϕm,n,�)‖2

‖ϕm,n,�‖2

>
‖ψ�‖2

2ε
.

Since ε is arbitrary, this contradicts the fact that
⋃L

�=1 W(ψ�, Λ�) has a finite
basis constant C = sup�,N ‖S�N‖.

Consequently, each translate Qδ(x, y) can contain at most one point of Λ�

for all � = 1, . . . , L. It follows from this that D+(Λ) < ∞. ��
The definition of the Strong and Weak HAPs for wavelet Schauder bases

differs from the definition for frames only in that it uses the dual basis
instead of the canonical dual frame. We use the same notation as before,
except that

⋃L
�=1 W(ψ�, Λ�) = {σ(a, b)ψ�}(a,b)∈Λ�,�=1,...,L is now assumed to
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be a Schauder basis, and {ψ̃a,b,�}(a,b)∈Λ�,�=1,...,L is its dual basis. We define
the space W (h, p, q) by (6.6), using the dual basis instead of the canonical
dual frame, and likewise make the corresponding minor changes in the defi-
nition of the Strong and Weak HAPs. By Proposition 6.14, we must have
D+(
⋃L

�=1 Λ�) < ∞, and hence W (h, p, q) will be finite-dimensional.
Note that since for each � = 1, . . . , L all the elements of W(ψ�, Λ�) have

exactly the same norm, the system
⋃L

�=1 W(ψ�, Λ�) is a bounded basis. Hence
the dual basis is also a bounded basis, and thus the elements of the dual basis
are uniformly bounded in norm.

We show now that if ψ1, . . . , ψL ∈ B0 and
⋃L

�=1 W(ψ�, Λ�) is a Schauder
basis for L2(R), then

⋃L
�=1 W(ψ�, Λ�) satisfies the Weak HAP.

Theorem 6.15. Let ψ1, . . . , ψL ∈ B0 and Λ1, . . . , ΛL ⊆ A be such that⋃L
�=1 W(ψ�, Λ�) is a Schauder basis for L2(R). Then

⋃L
�=1 W(ψ�, Λ�) satis-

fies the Weak HAP.

Proof. Let W̃ = {ψ̃a,b,�}(a,b)∈Λ,�=1,...,L be the dual basis to
⋃L

�=1 W(ψ�, Λ�).
Then C = sup(a,b)∈Λ,�=1,...,L ‖ψ̃a,b,�‖2 < ∞. Let

M = max
�=1...,L

sup
(x,y)∈A

#(Λ� ∩ Qδ(x, y)),

and note that M < ∞ by Propositions 6.14 and 3.4(i).
First we will show that the conditions of the Weak HAP, i.e., equation (6.7)

are satisfied for functions in B0, then extend by density to all of L2(R). Choose
g ∈ B0 and fix any ε > 0. Then, for any � = 1, . . . , L, we have Wψ�

g ∈
WA(C,L1) by Theorem 6.4. Therefore, if we fix any δ > 0, then we can find
R′ large enough that if J is defined by (6.12) then

L∑

�=1

∑

(j,k)∈J

∥∥Wψ�
g · χBjk

∥∥
∞<

ε

CM
.

Now set R = R(g, ε) = R′eδ + δeδ + δe2δ. We then proceed similarly to
the proof of Theorem 6.10, using the dual basis instead of the canonical dual
frame and applying Minkowski’s inequality instead of frame estimates. Choose
any (p, q) ∈ A. Since QR(p, q)∩Λ� is a finite set for each � = 1, . . . , L, we have

σ(p, q)g −
L∑

�=1

∑

(a,b)∈QR(p,q)∩Λ�

〈
σ(p, q)g, σ(a, b)ψ�

〉
ψ̃a,b,�

=
L∑

�=1

∑

(a,b)∈Λ\QR(p,q)

〈
σ(p, q)g, σ(a, b)ψ�

〉
ψ̃a,b,�

with respect to some appropriate ordering of these series. Applying the trian-
gle inequality, we therefore have
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dist
(
σ(p, q)g, W (R, p, q)

)

≤
∥∥∥σ(p, q)g −

L∑

�=1

∑

(a,b)∈QR(p,q)∩Λ�

〈
σ(p, q)g, σ(a, b)ψ�

〉
ψ̃a,b,�

∥∥∥
2

=
∥∥∥

L∑

�=1

∑

(a,b)∈Λ�\QR(p,q)

〈
σ(p, q)g, σ(a, b)ψ�

〉
ψ̃a,b,�

∥∥∥
2

≤
(

sup
(a,b)∈Λ�,�=1,...,L

‖ψ̃a,b,�‖2

) L∑

�=1

∑

(a,b)∈Λ�\QR(p,q)

∣∣〈g, σ((p, q)−1(a, b))ψ�

〉∣∣

≤ C

L∑

�=1

∑

(a,b)∈Λ�\QR(p,q)

∣∣Wψ�
g((p, q)−1(a, b))

∣∣

= C

L∑

�=1

∑

(c,d)∈(p,q)−1·Λ�\QR

∣∣Wψ�
g(c, d)

∣∣

≤ CM

L∑

�=1

∑

(j,k)∈J

∥∥Wψ�
g · χBjk

∥∥
∞< ε.

Thus (6.7) is satisfied for the function g.
Now suppose that f is any function in L2(R), and choose any ε > 0.

Since B0 is dense in L2(R), there exists g ∈ B0 such that ‖f − g‖2 < ε
3 . Set

R(f, ε) = R(g, ε
3 ), and denote this quantity by R. Choose any (p, q) ∈ A, and

let PW denote the orthogonal projection of L2(R) onto W (R, p, q). Then

dist
(
σ(p, q)f, W (R, p, q)

)

= ‖σ(p, q)f − PW σ(p, q)f‖2

≤ ‖σ(p, q)f − σ(p, q)g‖2 + ‖σ(p, q)g − PW σ(p, q)g‖2

+ ‖PW σ(p, q)g − PW σ(p, q)f‖2

≤ ‖f − g‖2 + dist
(
σ(p, q)g, W (R, p, q)

)
+ ‖g − f‖2

<
ε

3
+

ε

3
+

ε

3
= ε.

Thus (6.7) is satisfied for the function f , so
⋃L

�=1 W(ψ�, Λ�) possesses the
Weak HAP. ��

We can now compare the affine density of wavelet Schauder bases satisfying
the Weak HAP with the affine density of other wavelet Schauder bases. The
proof mostly follows the steps of the proof of Theorem 6.11, therefore we omit
it here.
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Theorem 6.16 (Comparison Theorem). Assume that

(i) ψ1, . . . , ψL ∈ L2(R) and Λ1, . . . , ΛL ⊆ A are such that the system⋃L
�=1 W(ψ�, Λ�) is a Schauder basis for L2(R) that satisfies the Weak

HAP, and
(ii) φ ∈ L2(R) and ∆ ⊆ A are such that W(φ,∆) is a Schauder basis for

L2(R).

Let {φ̃a,b}(a,b)∈∆ denote the dual basis of W(φ,∆). Furthermore, set
C = sup(a,b)∈∆ ‖φ̃a,b‖2. Then for each ε > 0, by setting Λ =

⋃L
�=1 Λ�, we

have
1 − Cε

eR(φ,ε)
D−(∆) ≤ D−(Λ) and

1 − Cε

eR(φ,ε)
D+(∆) ≤ D+(Λ).

As a corollary, we obtain the following necessary density condition for the
existence of wavelet Schauder bases that satisfy the Weak HAP.

Corollary 6.17. Let ψ1, . . . , ψL ∈ L2(R) and Λ1, . . . , ΛL ⊆ A be such that
the system

⋃L
�=1 W(ψ�, Λ�) is a Schauder basis for L2(R) that satisfies the

Weak HAP. Then, by setting Λ =
⋃L

�=1 Λ�, we have

0 < D−(Λ) ≤ D+(Λ) < ∞.

Proof. In Theorem 6.16 we let φ ∈ L2(R) be the Haar wavelet and
∆ = {(2j , k)}j,k∈Z. Then W(φ,∆) is an orthonormal basis for L2(R), and
D−(∆) = D+(∆) = 1

ln 2 . ��
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